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Chapter 1 
Introduction 



There are numerous examples of many-particle systems in Nature, such as atoms and 
molecules in gases, fluids, superfluids, solids and plasmas, electrons in conductors 
and semi-conductors, nuclear matter in neutron stars, and the quark-gluon plasma. 
It is both fascinating and intriguing that all these different systems, when in thermal 
equilibrium, are theoretically described by very general and universal physical laws in 
the thermodynamic limit. The main aim of thermodynamics is to define appropriate 
physical quantities, the so called state quantities, which characterize the macroscopic 
properties of many-particle systems in thermal equilibrium, and to relate these quan- 
tities to each other through universally valid equations, independent of the specificity 
and microscopies of the physical models. However, the laws of thermodynamics have 
been generally viewed as empirical theorems or axioms. The problem to derive the th , 
1 st , 2 nd (and 3 rd ) law, from kinetic theory and non-equilibrium statistical mechanics 
has been studied since the late 19 th century, with contributions by many distin- 
guished theoretical physicists including Maxwell, Boltzmann, Gibbs and Einstein. In 
this work, we discuss some recent results concerning our own attempts to derive ther- 
modynamics from non-equilibrium quantum statistical mechanics (NEQSM) and to 
bring the problem just described closer to a satisfactory solution. These are necessary 
steps towards understanding irreversibility and the emergence of macroscopic clas- 
sical behavior, such as thermodynamics, from more fundamental (and time-reversal 
invariant) microscopic laws, such as quantum mechanics. 



1.1 Summary of results 

The main new results in this work are: 

• Extending the positive commutator method together with a suitable Virial The- 
orem to prove the property of return to equilibrium (RTE) for a class of systems 
composed of a small quantum system coupled to non-relativistic fermionic and 
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bosonic reservoirs, such as a spin impurity interacting with magnons in a magnet 
or a quantum dot interacting with electrons in a metal. 

• Studying isothermal processes of a finitely extended, driven quantum system in 
contact with an infinite heat bath from the point of view of quantum statistical 
mechanics. Notions like heat flux, work and entropy are defined for trajectories 
of states close to, but distinct from states of joint thermal equilibrium. In 
this context, a theorem characterizing reversible isothermal processes as quasi- 
static processes (isothermal theorem) is proven. Corollaries of the latter concern 
changes of entropy and free energy in reversible isothermal processes and the 
th law of thermodynamics. We also specialize to the specific example of a small 
system coupled to a fermionic reservoir, and obtain an explicit estimate on the 
rate of convergence to the instantaneous equilibrium states in the quasi-static 
limit. 

• Proving a novel adiabatic theorem for generally (non) normal and unbounded 
generators of time evolution, and applying this theorem to the study of adiabatic 
evolution of states close to non-equilibrium steady states (NESS). 

• Studying cyclic processes of a finitely extended, periodically driven quantum 
system coupled to several reservoirs from the point of view of quantum statis- 
tical mechanics, and proving the convergence of the state of the system to a 
time-periodic state by extending Floquet theory to non-equilibrium quantum 
statistical mechanics. Positivity of entropy production and Carnot's formula- 
tion of the second law of thermodynamics follow from the definite sign of relative 
entropy and the existence of the large time limit. 

Together with extending some known techniques to prove return to equilibrium 
and clarifying basic notions in thermodynamics based on nonequilibrium quantum 
statistical mechanics, this work addresses novel questions which are important in 
understanding the emergence of the laws of thermodynamics. As far as we know, 
studying reversible isothermal processes, the adiabatic evolution of nonequilibrium 
steady states, and cyclic thermodynamic processes from the point of view of quantum 
statistical mechanics have not been attempted before in the literature. 

1.2 Methods 

The main methods used in this thesis are the following. 

• Algebraic formulation of quantum statistical mechanics. 

• Spectral analysis techniques: Mourre theory and complex deformation tech- 
niques. 
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• Spectral approach to RTE using the standard Liouvillain. 

• Spectral approach to NESS using the C-Liouvillian. 

• Spectral approach to cyclic thermodynamic processes using the so called Floquet 
Liouvillean. 

• Generalization of adiabatic theorems in non-equilibrium quantum statistical 
mechanics. 

1.3 Organization 

The organization of this thesis is as follows. In chapter 2, after reviewing the basic 
laws and notions of thermodynamics, we present an overview of the derivation of 
these laws from non-equilibrium quantum statistical mechanics (NEQSM). In chap- 
ter 3, we discuss the mathematical framework, which is the algebraic formulation of 
quantum statistical mechanics [BR,Ha]. We review relevant concepts, such as the 
standard Liouvillean, KMS states, C* and W*-dynamical systems and their pertur- 
bations, and we introduce new notions such as instantaneous equilibrium states. The 
presentation in this chapter is meant to be concrete, but a mathematically more el- 
egant and powerful, yet more abstract, presentation is given in an appendix to this 
chapter. In chapter 4, we list all the model quantum systems we consider in this the- 
sis as paradigms of thermodynamic systems, together with the assumptions on these 
model systems. An appendix to this chapter discusses some consequences of these 
assumptions. In chapter 5, we prove the property of return to equilibrium for a class 
of quantum mechanical systems composed of a small system coupled to a reservoir of 
non-relativistic bosons or fermions, by extending the positive commutator method de- 
veloped in [Ml, M2, FM1, FM2, FMS]. Technical proofs in this chapter are relegated 
to an appendix. In chapter 6, we extensively discuss a paradigm of a thermodynamic 
system that we consider in the following chapters: a two-level system coupled to n 
fermionic reservoirs. We present the method of complex deformations developed in 
[JP1,2,3] and extend it to the study of time- dependent Liouvilleans. We also present 
the C-Liouvillean, and discuss how it relates to non-equilibrium steady states. In 
chapter 7, we study isothermal processes of a small system diathermally coupled to 
a single reservoir, and we state and prove the isothermal theorem. We define notions 
like heat flux, work and entropy for trajectories of states close to, but distinct from 
states of joint thermal equilibrium. We also prove a theorem characterizing reversible 
isothermal processes as quasi-static processes {isothermal theorem), and we discuss 
corollaries concerning the changes of entropy and free energy in reversible isothermal 
processes and the th law of thermodynamics. In chapter 8, we prove a novel adiabatic 
theorem for generators of time evolution which are not necessarily normal or bounded. 
We also discuss two applications of this theorem in non-equilibrium quantum statisti- 
cal mechanics: an adiabatic theorem for states close to non-equilibrium steady states, 
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and a concrete example of the isothermal theorem with an explicit rate of conver- 
gence to the quasi-static limit. Another important application of this theorem is an 
adiabatic theorem for quantum resonances. [A-SF3] In chapter 9, we investigate cyclic 
thermodynamic processes from the point of view of quantum statistical mechanics. 
We introduce a new Liouvillean, the Floquet Liouvillean, which generates dynamics 
on a suitable Banach space when the perturbation is time periodic, and we relate the 
time-periodic state to which the system converges to a zero-energy resonance of the 
Floquet Liouvillean. In principle, we can compute the entropy production per cycle 
(which is positive) and the difference between the degree of efficiency rj and rf ev to 
arbitrary orders in the coupling, for small enough coupling. 
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Chapter 2 



Thermodynamics and 
nonequilibrium quantum statistical 
mechanics: an overview 

This chapter offers a brief overview of the progress made towards deriving the funda- 
mental laws of thermodynamics from non-equilibrium quantum statistical mechanics. 
New results which are stated here without proof are carefully and thoroughly dis- 
cussed in the following chapters. Along the way, we clarify certain basic notions, 
such as thermodynamic systems, heat baths, different thermodynamic processes, the 
meaning of heat energy and the rather special and important role of relative entropy. 
The discussion at this stage is necessarily heuristic. However, various terms and no- 
tions appearing in this section are precisely defined in the following chapters. Before 
presenting this overview, we briefly recall some basic thermodynamics. 

2.1 Thermodynamics 

2.1.1 Basic concepts and ideas of thermodynamics 

The purpose of thermodynamics is to describe the average properties of macroscopi- 
cally extended matter close to a state of thermal equilibrium, with small spatial and 
temporal variations. (Gravitational effects are usually neglected.) Typical thermody- 
namic systems are formed of 10 23 — 10 28 particles, and describing the system micro- 
scopically by solving the corresponding Hamilton equations or Schrodinger equation 
is an impossible task. Instead, one is interested in describing emergent properties, 
such as the average energy per particle, using few macroscopically observable quanti- 
ties, such as the volume V of the system, the total energy E, and the magnetization 
M. These macroscopic quantities, which can be measured simultaneously and with 
precision, are called thermodynamic observables or state quantities. One identifies all 
microstates having the same thermodynamic observables with one macrostate. 
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An isolated system is a macroscopically large thermodynamic system without any 
kind of contact or interaction with its environment. For such a system, the measured 
values of the thermodynamic observables are stationary, that is, time-independent. It 
is an observed fact that the state of an isolated system (as time t — > oo) approaches 
asymptotically a stationary equilibrium state, with precise values of thermodynamic 
observables. (This is the equilibrium postulate for isolated systems, which is part of 
the th law of thermodynamics, and which plays an important role in thermodynam- 
ics.) 

Thermodynamic systems can be approximately infinite. Physically interesting 
states of infinitely extended systems are their equilibrium states. Although realistic 
systems are large but finite, if one waits long enough and one looks at a macroscopi- 
cally large subset of this system, these systems behave locally as infinite ones. 

Let N be the number of elements in a complete family of independent thermo- 
dynamic observables of a thermodynamic system E, which can be measured simul- 
taneously and with precision. Their measured values specify a point X G r s , where 
T s C H N . A thermodynamic observable is a real- valued function on T s , and every 

1 6 T s corresponds to an equilibrium state. The space T s of equilibrium states of 
E is a connected convex subset of R^. 

One may couple two thermodynamic systems, 1 and 2, through local interactions. 
Initially, when the two systems are uncoupled, the state space is the Cartesian product 
T 1 x T 2 . When one allows interaction between 1 and 2, some symmetries of 1 and 

2 are broken, and the new family of thermodynamic observables and the space of 
equilibrium states, T lv2 , of the coupled system depends on the type of couplings or 
contacts between 1 and 2. 

We now discuss the notion of a thermodynamic process, which plays a central role 
in thermodynamics. 

Let (Xi, X 2 ) G T 1 x T 2 be the initial uncoupled equilibrium state of 1 V 2 at time 
to- One or both systems can be approximately infinite. If one turns on a coupling 
between 1 and 2 at time t , one is interested in knowing the state of the coupled 
system at time t + T, as T — > 00. Let 7(2) be the microstate of the coupled system. 
When at least one system, 1 or 2, is finite, the th law of thermodynamics claims 
that 7(t) — > X i2 G T lv2 , as time t — > 00. Thermodynamics specifies the mapping 
r 1 x T 2 3 (Xi,X 2 ) — > X 12 G T lv2 only when the nature of the contact between 1 and 
2 is known. There are two conceivable processes 

(Xi, X2) — > X±2 , 
X\2 — > [X\, X2) . 

When X12 — > (Xi,X 2 ) is not possible, we say that (Xi,X 2 ) — > X 12 is irreversible. 
In contrast, a thermodynamic process {X(t)} to <t«x of E is reversible if X(to) = 
Xi, lim^oo X(t) = X f , and X(t) G r s ,W > t . In such processes, infinitesimal 
changes of variables happen slowly as compared to some typical relaxation time of 
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the system, and the real state of the system at time t will be infinitesimally close to 
the instantaneous equilibrium state X(t). 

Thermodynamic observables correspond to constants of motion of a system, or 
equivalently to symmetries of the system. The space of equilibrium states T con- 
sists of the total spectrum of all thermodynamic observables. For each symmetry 
which is conserved in a thermodynamic process, there corresponds a thermodynamic 
observable whose value is constant in time. One can hence classify thermodynamic 
processes from the point of view of symmetries. A contact or coupling will correspond 
to a perturbation of subsystems which breaks one or more of their symmetries. 

A thermal contact (diathermal wall) between a thermodynamic system E and 
a thermal reservoir TZ is an interaction which leaves all symmetries of E invariant 
except for time-translation invariance. It leaves all the thermodynamic observables 
of E invariant except for its energy. 

Similarly, one can define a thermal contact between two thermodynamic systems 
Ei and E 2 as an interaction which preserves all the symmetries of E x and E 2 except 
for time-translation invariance: It leaves all the thermodynamic observables of Ei 
and E 2 invariant except for their energies. 

2.1.2 The laws of thermodynamics 

In this subsection, we recall the fundamental laws of thermodynamics (0 th , 1 st , and 2 nd 
law), which form the axiomatic foundation of thermodynamics.* We are interested in 
the physical properties of a thermodynamic system E, which are described by a finite 
number N of independent thermodynamic observables, £i, • • • , £jv- 

The O'Maw 

There are several parts to the zeroth law. 

(i) Consider an isolated thermodynamic system, E, which is approximately infi- 
nite. The state of E converges to an equilibrium state as time t — > oo. Each 
equilibrium state of E corresponds to a point X in a connected convex subset 

r s c R N . 

(ii) A (weaker) form of the th law says that there exist, for all practical purposes in- 
finitely, large thermodynamic systems, that return to equilibrium when isolated. 
One calls such systems thermal reservoirs or heat baths. 

(iii) Two thermal reservoirs 7Zi and TZ 2 are said to be equivalent (1Zi ~ 1Z 2 ) iff 
no energy flows between IZi and 1Z 2 when a diathermal contact is established 
between them. Then we say that the two reservoirs TZi and TZ 2 are at the same 
temperature (ie, they are in thermal equilibrium with each other). Furthermore, 

*We will not discuss the third law of thermodynamics. 
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given three thermal reservoirs 72-2 and TZ3 such that TZi ~ TZ2 and TI2 ~ 7?.3, 
then 7?.i ~ TZ^, ie, all reservoirs have the same temperature (transitivity of the 
property of thermal equilibrium). 

(iv) When one brings a finite thermodynamic system E in thermal contact with 
a thermal reservoir TZ and waits for an infinitely long time, the state of the 
coupled system will be an equilibrium state at the temperature of the reservoir. 

(v) Moreover, if one removes the contact between E and TZ quasi-statically, the 
final state of E will be the (Gibbs) equilibrium state at the temperature of the 
reservoir, while the final state of the reservoir is identical to its initial state. 

The l s *-law 

For each finite thermodynamic system, there exists a thermodynamic observable U, 
the internal energy, which has a definite value in each state in r s ; (U is unique up 
to an additive constant). For a thermodynamic process 7 in which one brings E in 
contact with a thermal reservoir TZ, the heat energy exchange A <5(t) is a well-defined 
quantity which depends not only on the initial point Xi = di'-f and the final point 
Xf = 9/7, but on the whole trajectory 7. t The difference 

AA( 7 ) := U(X f ) - U(Xi) - AQ( 7 ) , 

is the work done on E. 

Before stating the 2 nd law of thermodynamics, we need to introduce the notion of 
a heat engine. 

A heat engine is a finite thermodynamic system that works periodically in time 
and that is brought in contact with at least two inequivalent thermal reservoirs or 
with its environment. After one cycle, the system returns to its initial state, ie, 
<9i 7 = <9/ 7 . Let AQ("f) be the total heat exchange between the heat engine and the 
thermal reservoirs in one cycle. Since the internal energy of the heat engine is the 
same at the beginning and at the end of each cycle, the I s * law says that A<3( 7 ) has 
to be converted into work done by the heat engine on its environment. 

One makes the following (scaling) postulate on heat engines: The size of a heat 
engine can be enlarged or reduced by a scale factor A > 0. Consider a heat engine E 
with a space of equilibrium states T s . Then 

T sA := {X G K N : X^X G T s } , 

is the space of equilibrium states of the heat engine E A . To a cycle 7 of E, there 
corresponds a cycle 7 A of E A such that 

UjXX) = W (X), AQ( 7 A ) = AAQ( 7 ) . 

+If AQ > 0, heat energy flows from TZ to X (we say TZ is hotter than £), and if AQ < heat 
flows from S to TZ (we say TZ is colder than S). 
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We are now in a position to state one formulation of the second law of thermody- 
namics. 



The 2 nd -law 

There does not exist any heat engine that converts all the heat energy it receives from 
thermal reservoirs into work done on its environment. 



Now consider a heat engine £ connected to two thermal reservoirs 1Z± and 1Z 2 , 
such that, in one cycle 7, it gains a heat energy AQi from IZi and it gives a heat 
energy AQ 2 to TZ 2 . The heat engine performs work if AQi — \ AQ 2 \ = AQi + AQ 2 > 0. 
In this case, the thermal reservoir IZi is called the hot reservoir, while 7Z 2 is called 
the cold reservoir. 

It follows from the above formulation of the second law of thermodynamics, that 
if there exists a heat engine that uses TZi as a hot reservoir and 7Z 2 as a cold one, then 
there does not exist any heat engine that uses 7Z 2 as a hot reservoir and TZi as a cold 
one. This fact can be used to define an empirical temperature 9 : the temperature 
61 of TZi is higher than the temperature 6 2 of TZ 2 if there exists a heat engine E that 
uses 7Z\ as a hot reservoir and 7Z 2 as a cold one. 

A heat engine is said to be reversible (or a Carnot machine) if, in a time-reversed 
cycle, it can work as a heat pump: During a cycle 7", it takes heat AQ 2 from 7Z 2 and 
gives heat AQi to TZ±. In this case, the environment must supply the work per cycle 
AA = AQi — |AQ 2 |- Reversible heat engines are idealizations of realistic systems. 

Define the degree of efficiency of a heat engine E as the ratio of the work done 
per cycle and the heat it gains from the hot reservoir in one cycle, 

e = AA _ AQ 1 + AQ 2 _ AQ 2 
77 • AQi AQi AQi • 

It follows from the second law of thermodynamics that among all heat engines with 
the same hot and cold reservoirs, the reversible engine has the highest efficiency rf ev . 
One can use this fact to define an absolute temperature T for a thermal reservoir 1Z, 
such that 

rev Ti - T 2 



V 



The fact that 77 s < rf ev implies that 



Ti 



AQi AQ 2 

— — + — — < , 

Ti T 2 ~ ' 

with equality when 7 is reversible. 

This result can be generalized to the case when E is connected to n thermal 
reservoirs IZi, • • • , TZ n with temperatures Ti > • • • > T n . In this case, 



E 



T- 



<0, 
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with equality when the cyclic process is reversible. Taking the limit n — > oo gives 

SQ 

T ~ ' 

with equality when 7 is reversible. 

Consider 7 6 r s , a reversible cyclic process of E, and parametrize its curve in T s 
by (the time) r G [to, 00). We assume that 

1 

i(7) ■= J™ ^( 7 (r + h)- 7(r)) 

exists for all r G [to, 00). 

Denote by 7t the subprocess { 7 (T)}t < T <t from Xi = 7 (to) to 7 (£) G r s . From the 
first law of thermodynamics, AQ(j t ) is a well-defined quantity. For h > 0, 

AQ( 7t+h ) - AQ( 7t ) = • tf(t) + 0(/> 2 ) , 

where we (assume) K(t) is continuous in t. For every point X G T s , and each vector 
Z G H N , there exists a subprocess 7t of a reversible cyclic process 7 of E, such that 

7 (t)=X; 7 (t)=cZ, 

where c G R. One can use the functional AQ( 7 $) over a reversible subprocess 7 t G T s 
to define a 1-form 5Q(j(t)) with the property that* 

7(f) • *Q(7(0) = Jim £(AQ( 7 , +fc ) - AQ( 7t )) = • 

The internal energy U of E is a state function, ie, a function over r s . Denote by dU 
the 1-form over T 2 with components equal to the gradients of U. We define the work 
1-form to be 

5 A := dU -SQ . 
Let Xi, ■ ■ ■ , Xn be the coordinates of r s . Then one can write 

N 



5A = J2< x )dX l , 



i=i 

where cii(X),i — 1, • • • , N, are called the work coefficients. They are intensive quan- 
tities, meaning that under rescaling, aj(AX) = ai(X),i — 1, • • • , N3 

■^One needs to make these arguments mathematically accurate. For further details and references, 
see for example [LY]. 

^Quantities £ with the property that under rescaling £(\X) = \£(X), A > 0, are called extensive, 
such as internal energy U and heat Q, while quantities with the property that £(AX) = £(X) are 
called intensive, such as the temperature T and work coefficients. 
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Using the fact that 

y = o,vrcr s , 

J- 

and the convexity of r s , one can define a state function S, the entropy, over T s such 
that 

T 

This gives the following identity 

dU = TdS + 5 A , 

for reversible changes of state. 

Consider 7 : — > a thermodynamic process of an isolated system E, such 
that Xjj G T E . It follows from the definition of entropy and the fact that § 4p < 
that 

SpO) > SpQ) . 

Together with the scaling postulate and the connectivity and convexity of T s , one 
can show that the entropy S is concave. For A G (0, 1), 

SiXX, + (1 - \)X 2 ) > XSiX,) + (1 - X)S(X 2 ) . 

There are several equivalent formulations of the second law of thermodynamics, 
which we list here. 

(i) Clausius (1854). When one connects two thermal reservoirs 1Z\ and IZ2 through 
a thermal contact, heat flows either from 1Z\ to 7?.2, or from 1Z 2 to 1Z\. The 
opposite direction of the flow is not possible. 

(ii) Carnot (1824). For a heat engine E, rf^ < i] rev . 

(iii) Caratheodory (1873-1950). In an arbitrarily small neighborhood of each equi- 
librium state X of an isolated system E, there are equilibrium states X' of E 
that are not accessible from X via reversible and adiabatic paths (for a mathe- 
matically rigorous discussion, see for example [Boy]). 

It follows that for an isolated thermodynamic system, the entropy of the equilib- 
rium state is maximal (extremal principle for entropy). 



2.2 Quantum description of thermodynamic sys- 
tems, heat baths and processes 

We start with a brief review of the quantum theory of thermodynamic systems and 
heat baths which are expounded in chapter 3, and then discuss different types of 
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thermodynamic processes. This will clarify certain notions that are needed in the 
ensuing discussion and will help to fix our notation. 

A thermodynamic system E is a quantum mechanical system confined to a com- 
pact region A of physical space R 3 . The pure states of E are rays in a separable Hilbert 
space 7i s , and its mixed states correspond to density matrices p, which are positive, 
self-adjoint operators that have unit trace and that belong to C^iliP), the two sided 
ideal of trace-class operators in the space of bounded operators <B(7i s ) of 7i s . Since p 
is positive, k = p? belongs to £ 2 (7i s ) =: /C s , the two sided ideal of Hilbert-Schmidt 
operators in £>(7i s ) which is isomorphic to 7i s ® 7i s . The kinematics of E is en- 
coded in a C*-algebra (9 s such that (9 s C £>(7i s ). The dynamics is generated by 
a family of (generally time dependent) Hamiltonians, = i? E (A(), where Xt are 

time-dependent parameters. The time-dependent Hamiltonians are self-adjoint and 
semi-bounded operators acting on 7Y S . In the Heisenberg picture, the time evolution 
of an operator a G (9 s is af(a) = C/ s (i)*aC/ E (£), where U^it) is a unitary operator 
that satisfies d t U^{t) = -iH^{t)U^{t) and U s (t = 0) = 1 (in units where h = 1). 
In certain cases, af defines a *-automorphism on (9 s . In the Schrodinger picture, 
the time-evolution of an element k G /C E is given by k t := a^ t (k) = f/ E (t)A;[/ E (t)*. 
The generator of the dynamics on /C E is the Liouvillean or thermal Hamiltonian 
£ E = ad H s, which can be shown to be selfadjoint on a dense core of /C E (see chapter 3 
for an extensive discussion of Liouvilleans). The time evolution of an element k G /C E 
is given by k t = f/ s (t)/c, where f/ s satisfies the equation d t U E (t) = -iC E (t)£/ E (t) 
and £/ E (t = 0) = 1. Since £ 2 (7i E ) is a Hilbert space, one may study the spectrum 
of £ E (t) using the available methods of spectral theory, even in the thermodynamic 
limit A / R|. 

A heat bath, or reservoir, 1Z, is the thermodynamic limit (A / RfJ of an increas- 
ing family 7^a of thermodynamic systems. The kinematics of the reservoir is encoded 
in the C*-algebra O n := Va/r 3 O nA , where (•) denotes the norm closure. When 1Z is 
isolated, we assume that its state is a KMS state on O n at some inverse temperature 
Piz — iksT 11 )^ 1 > and chemical potentials p = (pi, . . . ,p m ), which correspond to 
conserved charges Q = (Qi, . . . , Q m ) affiliated to (O n ) f . The expectation value of an 
operator a G Va/r^ at equilibrium is 

<"?» = J™ Tr{P RA a) , 

A/R ± 

where P^ A = p^-e _/3 ' HTCA ^' QA ], e - ^ 7 ^ - '*' ^ is assumed to be trace-class, and 

Zf^=Tr(e-^ H ^-^). 

The dynamics of the coupled system, E V 1Z, (before taking the thermodynamic 
limit) is generated by the Hamiltonian H(t) = iJ Ev7e (t) := i? E (i) + H n , where 
H^{t) = H^(\ t ) + g(t)V Svn . If P is the initial state of the system at time t = 0, 
then the true state of the system at time t is P t = U(t)P U(t)* =: a^ n (P ); it 
satisfies the Liouville equation P t = —i[H{t), P t ]. Let the reference state at time t be 
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Pf := Zp^(t) 1 e 0[ H W m-Q ev7 ^ A key problem in quantum statistical mechanics is 
establishing the existence of the thermodynamic limit of the above quantities. 

p t (-) = UmTV(Pf) , (real state) (2.1) 
wf(-) = hmTr(Pf-) , (instantaneous equilibrium state) (2.2) 
:= P<lo E ®i' R 5 (restriction to small system) (2.3) 

and the existence of the thermodynamic limit of the dynamics of, where "lim^D" 
denotes the thermodynamic limit for 7Z. We will not discuss this problem; for results 
see [GNS, HHW, AWo,AWy,Rob,BR,Rul]. 

Equivalently, one may work directly in the thermodynamic limit using the GNS 
construction, as explained in chapter 3. 



2.3 Thermodynamic processes 

We roughly sketch what we mean by different thermodynamic processes before con- 
sidering specific ones later. In the example of a small system E coupled to reservoirs, 
the choice of {if E (t)} determines the trajectory of states {of } of E, alternatingly in 
contact with 0, 1, 2, • • • , n heat baths. Isothermal processes correspond to diathermal 
contacts of E to a single heat bath (or equivalently heat baths with the same temper- 
ature). Diathermal contacts preserve all extensive quantities except for the internal 
energy £/ s of E. Circular processes, in which 7 t . = 7 t/ , correspond to the case when 
if s (t + U) — H^(t), for t* < oo. Adiabatic processes correspond to E isolated, and 
reversible processes to p t ~ cuf . 



2.4 Return to equilibrium 

We start with the example of an irreversible isothermal process. We will show in 
chapter 3 that the KMS state at inverse temperature /3 of a quantum mechanical 
system, assuming that it exists, corresponds to the simple zero eigenvalue of the 
standard Liouvillean C, while the rest of the latter's spectrum is continuous. Hence, 
the study of the property of return to equilibrium is equivalent to the analysis of the 
spectrum of C. In the following discussion, consider a small system X with finitely 
many degrees of freedom coupled to a single reservoir TZ, and work directly in the 
thermodynamic limit. 

Return to Equilibrium: Under suitable hypotheses, such as sufficient smallness 
of the coupling constant g, Fermi's golden rule, appropriate infra-red behavior of the 
coupling, and J*°°^||(£ t — £ 00 )(£ 00 + i) _1 || < oo ; one may prove the property of 
return to equilibrium for a class of systems E V TZ: for an initial state of po normal 
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to Pq ® Up , lim^oo pt{a) = u/g°(a), Va e (9 Sv7e 7 where is the equilibrium state 
of the coupled system for t — > oo ; convergence that may be exponentially fast in 
time for suitably chosen operators a. 

Using methods from spectral theory, the property of return to equilibrium has 
been established for a variety of quantum mechanical systems: complex deformation 
techniques for the spin-boson system [JP1,JP2], Feshbach map and RG for a small 
system coupled to a thermal reservoir of photons [BFS], and an extension of Mourre's 
positive commutator method together with a suitable Virial Theorem for a small 
system coupled to a thermal bath. [M1,FM1] All these results are based on important 
insights of [HHW]. (PC methods used in studying return to equilibrium have been 
extended to studying thermal ionization of atoms and molecules in the radiation field. 
[FM2,FMS]) 

Part of the O'Maw of thermodynamics asserts that when a reservoir TZ, with 
temperature T n , is locally perturbed, it always returns to the same unique equilibrium 
state after a long time. If a quantum system £ V TZ possesses the property of return 
to equilibrium, the state of the coupled system will be an equilibrium state at T n as 
t — > oo. Moreover, if the contact between TZ and £ is removed, then TZ returns to the 
same equilibrium state io 1 ^ after a long time. The remaining part of the th law will 
be discussed later. 

Proving the property of RTE for simple, yet physically relevant models, will be 
discussed extensively in chapter 5; (see also chapter 6). 

2.5 Heat energy and entropy of thermodynamic 
systems 

Some of the observed thermodynamic quantities during a thermodynamic process 7 
of a system formed of £ coupled to n reservoirs TZi,i = 1, • • • , n, are the internal 
energy [7 s of £ and the heat energy Q s transferred from the heat baths TZi to £. 
The l st -law of thermodynamics asserts the existence of functionals 

f/ s T s 9 T .^ m s ( 7 .) 
AQ= : 7 - AQ| i ( 7 ) , 

and relates, for an arbitrary processes 7, 

AA S ( 7 ) := Af/ S - AQ S ( 7 ) , 

where AA E is the work performed on £ during 7. 

Indeed, from the quantum theory of thermodynamic systems and heat baths, 
the above quantities have explicit definitions. For simplicity of exposition, let the 
reservoirs be finite, and take the thermodynamic limit of well-defined quantities later. 
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The internal energy of £ is defined by t/ s (t) := pt(iJ s (t)), and the rate of change of 
heat energy is given by 



1=1 1=1 



1=1 1=1 

where £(•) denotes the imperfect or inexact differential of (•). It follows that £/ s (t) — 
= p t (if E (t)) =: ^4^- ^he thermodynamic limit of the above relationship is well 
defined. This is nothing but the expression of the l s *-law of thermodynamics. 
Define the (relative) entropy of £ as 



S *(t) := -fc B Umrr(P t [logP t - J^logP^]) 

i 

= -k B limTr(P t [log P t + ^{A(#^ - ■ Q Ui ) + log Z n %) . 



TD 

3 



The usefulness of this definition will become apparent soon. Since Tr(B log B) > 
Tr(BlogA) + Tr(B — A) for A and B positive, self-adjoint, and bounded operators, 
the relative entropy of £ has a definite sign for all teR, 1 

S*(t) < . 

An important property of relative entropy is its strong subadditivity (see [LR]). 

Both TrP t log P t and TrP t log Z ni are time-independent. Moreover, TrP t p, i Q R,i is 
time-independent for diathermal contacts. Therefore, the rate of change of entropy is 

1 dp t (H^) 



Ti dt 
1 SQ^(t) 



Ta dt 



Note that if the rate of entropy production S = — lim^oo S' E (t) exists, then £ > 
due to the fixed sign of S^^t). The last statement implies the second law of thermo- 
dynamics in the formulation of Clausius. 



2.6 Isothermal processes and the isothermal theo- 
rem 

The question we want to address in this section is what characterizes reversible 
isothermal processes. Careful statement of results in this section together with de- 

^Proof of a more general trace inequality will be given in chapter 7. 
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tailed proofs are given in chapter 7. 

Suppose a system £ V7£ has the property of return to equilibrium. What happens 
if this system is slowly perturbed after return to equilibrium, for example, by quasi- 
statically removing the contact between 1Z and S? 

Again consider the system £ V 1Z directly in the thermodynamic limit, such that 
the standard Liouvillean C T g {t) := C g (s), where the rescaled time is s := K Assume 
jCg(s) have a common dense domain for all s G /, where I C R is a compact interval. 
Moreover, assume that for all s £ I, (C g (s)+i)~ 1 is differentiate in s, C g (s)^(C g (s) + 
i)^ 1 is uniformly bounded, a pp (C g (s)) = {0} and a(£ s (s))\{0} = a c (C g (s)), and that 
the projection onto the eigenstate corresponding to the zero eigenvalue of £ 9 {s), 
P(s) = \Qp jg (s)){Q/3 t g(s)\, is twice differentiable in s for almost all s E I. Note that 
P(s) corresponds to the instantaneous equilibrium state, or reference state, at 
time t = rs. We are interested in the quasi-static limit r — > oo. Physically, this limit 
corresponds to r > t r , where r R is the relaxation time. 

(Isothermal Theorem): Under these hypotheses, p TS (a) = u^ s (a)+o(l), as r — > oo ; 
Va G (9 s ® O n and Vs G /, where I C H is an arbitrary compact interval. 

To get a better estimate on the rate of convergence in the quasi-static limit, 
we need further information about the spectrum of the standard Liouvillian C g (s). 
With additional hypotheses that allow one to apply complex deformation techniques, 
the rate of convergence is shown to be 0(r _1 ) in chapter 8. These hypotheses can 
be verified in classes of quantum mechanical systems, such as those for which the 
property of return to equilibrium has been established. 

We now sketch several consequences of this theorem which will clarify the notions 
of heat energy and reversibilty in isothermal thermodynamic processes and emphasize 
the role of relative entropy. Further details can be found in chapter 7 and in [A-SF3]. 

Without loss of generality, assume that the small system E is coupled through 
diathermal contacts to a single reservoir TZ, which will be treated as finite first before 
taking the thermodynamic limit. From the discussion of the previous section, we 
know that in an isothermal process 



Consider an isothermal process of £ V 1Z from t = rs till ti = tsi, for s and 
Si fixed, t — > oo, and where the initial state u: 13 is independent of s for s < s . The 
following holds. 

(i) Reversible isothermal processes are equivalent to "quasi-static" isothermal pro- 
cesses for t ^ Tr. 

This is a standard assumption in equilibrium thermodynamics. Moreover, the 



U*(t) 



5Q(t) 5A(t) 



dt dt 
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definition of entropy in the latter setting is 

S? ev (t) = -Bmfc B Tr(PfpogPf - logP 7 *]) 

= \hn[k B MP^(t)) + k B \o g ^0-] 

= !im[^(C-F s )], 

where -F s (t) = — k B log is the free energy of E, and k B is Boltzmann's con- 
stant . Using the isothermal theorem, one may replace by p TS up to an error 
term that vanishes in the quasi-static limit, and hence, in the thermodynamic 
limit, 

J SO 

= A£/ s - AA + o(l) 

= AQ + o(l), 

where we made use of the isothermal theorem in the second step and the I s *- 
law of thermodynamics in the last step. We have just sketched the proof of 
the following claim, which asserts the equivalence of the definition of entropy in 
equilibrium statistical mechanics and relative entropy in non-equilibrium quan- 
tum statistical mechanics, in the quasi-static limit. 

(ii) AS? ev = AS S + o(l) asr^oc. 

(iii) Furthermore, if one slowly removes the contact between 1Z and E, the state 
of E will be the Gibbs state at inverse temperature fin, independently of the 
diathermal contacts. 

This is part of the th -law of thermodynamics: If H^it) — > if^ G (9 s , i.e. 
g(t) — > as t — > oo ; then p TS tends to the Gibbs state at temperature T n for 
as t — > 00 and s — > 00. 



2.7 Clausius' and Carnot's formulation of the 2 - 
law 

As discussed in the previous section, there are several equivalent formulations of the 
2 nd -law of thermodynamics. A standard consequence of the 2 nd -law is the existence 
of the absolute temperature T n > of a reservoir 1Z and the entropy functional 
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where T s are the equilibrium states of E sampled in a reversible thermodynamic 
process. 

When two or more reservoirs, with an initial state po, are coupled , the convergence 
to a non-equilibrium steady state (NESS) p NESS : = w * — lim^oopo ° oc t (or more 
weakly w* — lim^oo ^ J Q T p ° ot t dt) has been proven recently in several examples 
using different approaches: [FMUe,Ru2,3] use algebraic scattering theory where one 
has to establish the existence of scattering endomorphisms. The latter is based on 
the work of [He, Rob]. On the other hand, [JP3] relates the NESS to the zero energy 
resonance of the adjoint of the so called C-Liouvillean. In the latter setting we prove 
an adiabatic theorem for states close to non-equilibrium steady states using a novel 
adiabatic theorem and complex deformation techniques in chapter 8. 

Consider a thermodynamic system X coupled to heat baths 1Z\, ■ ■ ■ ,7Z n , where 
n > 2. We have shown that, for diathermal contacts, 



- oo < S E (t) < , 

1 SQ^(t) 



71 dt 



(NESS and Clausms) Assume that H s (t) -> e s <8> O n , as t -> oo. If 
Pt ~^t^oo p NESS , then 



i=i 

i^S^it) -> -8 < 

" 1 5Q Ul 
Hi) lim > — — - — = — 8 < , 

i=i % 

where 8 is the entropy production rate. A direct consequence is the following: 
i) and in) imply Clausius' formulation of the 2 nd -law. 

Now consider a cyclic thermodynamic process such that H s (t + t») = # s (t), 
where the period r* < oo, and assume, without loss of generality, that the number 
of reservoirs is n = 2. This is an example of a heat engine or a heat pump. Let 
io\ := lim n -> oo Pt+Nr t - For small enough coupling between the two reservoirs, one can 
prove using a norm-convergent Dyson-Schwinger series that ouf is periodic in time 
t with period r*, and that the change in entropy per cycle is — J '* dtS = —AS > 
0.[FMUe,FMSUe] We also prove convergence to a time-periodic state by relating the 
latter to the zero-energy resonance of the so called Floquet Liouvillean in chapter 9. 
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After one period, 



Am s = , 
Ti T 2 

If the engine does work, A A = AQ Ul + AQ 712 > 0. Suppose that T x > T 2 , then 
Clausius implies that AQ ni > 0. The following is nothing but CarnoVs formulation 
of the 2 nd -law of thermodynamics. 

(Carnot) Assume that T\ > T 2 . Then 

s AA AQ n * 
:= AQ^ = 1 + AQ^ 



T 



rev 



It is important to note that this result follows only from the sign of relative 
entropy and the existence of time periodic states in the large time limit. Moreover, 
the difference r] rev — rf" can be explicitly computed in terms of the entropy production 
per cycle (see remark in chapter 9 and [FMUe]). 

We conclude by mentioning that, recently, transport phenomena have been rigor- 
ously investigated from the point of view of quantum statistical mechanics. Trans- 
port phenomena between two reservoirs formed of free fermions at different temper- 
atures/chemical potentials and coupled through bounded local interactions has been 
studied in [FMUe]. Together with showing the convergence of the coupled system to a 
NESS using scattering theory and establishing strict positivity of entropy production, 
they show that the Onsager reciprocity relations hold to first non-trivial order. Fur- 
thermore, [JOP] study linear response theory from the point of view of the algebraic 
formulation of quantum statistical mechanics and prove the Green-Kubo formula and 
Onsager reciprocity relations for heat fluxes generated by temperature gradients. 
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Chapter 3 



Mathematical framework: 
algebraic formulation of NEQSM 

For the sake of simplicity, we opt for a concrete discussion of the algebraic formulation 
of quantum statistical mechanics, while deferring a mathematically more elegant, yet 
more abstract, discussion of it to Appendix l.[BR, Sa, DJP] 

3.1 Quantum description of finite thermodynamic 
systems 

Consider a quantum system confined to a compact region of physical space. Its 
pure states are unit rays in a separable Hilbert space 7i s , and its mixed states are 
described by density matrices p, which are positive trace-class operators such that 
Tr(p) = 1. The kinematical algebra of observables is a C*-subalgebra (9 s C £>(7i s ), 
where £>(7i s ) is the set of bounded operators on 7i s . The dynamics is generated 
by a semi-bounded, self-adjoint operator iJ s , the Hamiltonian, such that the time 
evolution of an operator A G O s is given in the Heisenberg picture by 

4(A) = e itHS Ae- ttHS , (3.1) 

assuming that <y^(A) G s for every A G s . 

One may represent the algebra (9 s on the space of Hilbert-Schmidt operators, 
which is a Hilbert space. (In fact, the latter is a Hilbert algebra.) Consider the 
two-sided ideal of trace-class operators £ 1 (7i s ), and the two-sided ideal of Hilbert- 
Schmidt operators C 2 {liP) = fC. (An operator k G K, if Tr(k*k) < oo.) K is a Hilbert 
space with scalar product 

(•|-) : K x K -> C 

(a, k) -> (a, k) := Tr(a*k) . 
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Given p E ^(H^) and positive, then k := p 1 ^ 2 E K,. Suppose the system is 
initially described by a density matrix p. The expectation value of an observable 
A E (9 s is 

(A) p := Tr(pA) . (3.2) 
Its expectation value after a time t is given by 



{aUA)) p = Tr(pe iHSt Ae- iHSt ) 

= Tr{kk*e iHSt Ae- iHSt ) 

= Tr((e- !flEi fce !ffEt )M(e- iflEi fce !ffEf )) 
= Tr(a^(k)*Aa^(k)) ; 

hence, k t := a^{k) = e~ iHSt ke tHSt in the Schrodinger picture. Let £ s := ad^, 
which is a selfadjoint operator defined on V, a dense domain in JC. (For example, 
T> = span\ij)i){ipj\, where is the orthonormal basis in 7i E such that H = 

Ei\ipi).) It follows that 

kt = e- iC ^k . (3.3) 

The operator £ s is called the Liouvillean or thermal Hamiltonian. 

A selfadjoint operator Q is said to be affiliated with the commutant (0 s )' if all 
the spectral projections of Q belong to ((9 s )'. Typically, a conserved charge of £ 
corresponds to a selfadjoint operator Q affiliated to (0 s )', such that all the spectral 
projections of Q commute with all the spectral projections of if s . 

According to the Gibbs Ansatz, the equilibrium state of £ at inverse temperature 
P > and chemical potential p E R is described by the density matrix 



e 



Pp ■= , (3-4) 

where Z s := Tr(e"^ H is a normalization factor. 

The expectation value of an operator A E (9 s in equilibrium is given by 

^(A):=Tr(P*A). (3.5) 
We list some of the main properties of the equilibrium state. 

(i) Time-translation invariance. It follows from equations ()3.5jl . (|3.1j) . and the 
cyclicity of the trace that u^a^A)) = u^(A). 

(ii) Kubo-Martin-Schwinger (KMS) condition. 

^(AaUB))=^(a^(B)A), (3.6) 
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for A,B£ (9 s . This follows from ()3.5|) . cyclicity of the trace, and the fact that 
Q is affiliated with ((9 s )' such that its spectral projections commute with the 
spectral projections of if s , 



u;^AaUB))=Tr(P^AaUB)) 




There are two representations of the algebra (9 s on the Hilbert space of Hilbert- 
Schmidt operators /C. The left representation /[(9 s ] is defined by 



for any A G s and k G /C. A dual representation which commutes with Z[(9 S ] is 
given by the right representation 



for any A G (9 s and k G K. Note that r[AB] = r[A\r[B] and rfzA] = zr[A], for 
A, B <E (9 s and 2; G C. 

In fact, one may show that /C is isomorphic to 7i s ®7i s . Introduce the isomorphism 



where ip,(p G 7i s , and C s is an antiunitary involution on 7i s (i.e., (C s ) 2 = 1 and 
(C s ?/>, C s </?) = (<p,i>), where (•, •) denotes the scalar product in Hp). By looking at 
Icl[A]k and Icr[A]k, for A G (9 s and k G /C, one may show that 



on 7i s eg) 7i s . Both Z[(9 S ] and r[(9 s ] can be related to each other, but we will defer 
this discussion to the more general case of infinite systems. 

3.2 Quantum description of a thermal reservoir 

In this section, we will discuss the quantum description of an infinitely extended 
thermal reservoir or heat bath 1Z. One may regard the heat bath or reservoir 1Z as 



l[A]k = Ak , 



(3.7) 



r[A]k = kA* , 



(3.8) 



l[A] = A®1 , 
r[A\ = 1®C S AC S , 



(3.9) 
(3.10) 
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the limit of a sequence of thermodynamic systems confined to compact regions of 
physical space {Aj}^ 1 , such that Aj C Aj for % < j and lim^oo Aj = R±. Denote by 
Al the kinematical algebra of Aj, then we will assume that Ai C Aj if i < j. The 
kinematical algebra of observables in the thermodynamic limit is O n := \f ie ^O Ai , 
where (•) denotes the norm closure. 

We make the following assumptions, which need to be verified in specific physical 
models (such as those considered in chapter 4; see also [BR]), regarding the existence 
of the time evolution and equilibrium states in the thermodynamic limit. Let O 00 : = 

(Al) Existence of dynamics. We assume that 

n - lima^A) —: a^(A) , (3.11) 

exists for all A G O 00 , t E R, and {a^j^R is a one-parameter group of *- 
automorphisms on O n . Note that a l n need not be norm continuous, as in the 
case of bosonic reservoirs where it is only a-weakly continuous (see Appendix 

!)• 



(A2) Existence of equilibrium states. For A G O 00 , consider the sequence of equi- 

A 

U,> ^.„l>V.„„„„„/.„ 



librium expectation values up at inverse temperatures (3 > 0. We assume 
existence of the limit of a suitable (sub)sequence 0J t g i {-) as % — > oo. The limiting 



equilibrium state uj 1 ^ is a^-invariant 

■ J J(<Jk(A))=uJ(A), (3.12) 



for A G O n and t G R. Moreover, it satisfies the KMS condition, which says 
that, for A, B in a suitable (sub)algebra of O n , 

^{Aa t n {B))=^{a t ~^{B)A). (3.13) 

We will state the KMS condition more carefully. Let 

FAB(t):=uf(Ao^(B)), (3.14) 
G AB {t):=uf{aUB)A), (3.15) 

where A G O n and B E 0°. The KMS condition is equivalent to saying that 
FABit) is the boundary value of the function F AB (z), which is analytic in the 



"There are several ensembles in statistical mechanics: the microcanonical ensemble, where the 
number of particles and energy are fixed, the canonical ensemble where the number of particles 
in the system is fixed while the energy varies, and the macrocanonical ensemble where both the 
number of particles and the energy are allowed to vary. Although different for finite systems, in the 
thermodynamic limit the three ensembles are equivalent. 
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strip Sp := {z G C : < Iraz < /3}, bounded and continuous on its boundary, 
with 

\im F AB (t + t V ) = G AB (t) . (3.16) 

( Equivalent ly, Gab(z) is analytic in the strip S-p := {z G C : —(3 < Imz < 0}, 
bounded and continuous on its closure, such that lim^/^ GUs(t — M7) = Fab(£)-) 
Let O be a dense subalgebra of O n which is invariant under a^, 

O := {Af = J dta t n {A)f{t) : A G O n zndf G C^°(R)} , (3.17) 

where / is the Fourier transform of /. It follows from (|3.12j) and ()3.13|) that 

uf(A*B) = u;f(a n ^ 2 (B)(a^ /2 (A)r) , (3.18) 

for A,B G O . Using ()3.13|) and the Cauchy-Schwartz inequality, one may show 
that 

M := {A G O n : ujf(A*A) = 0} (3.19) 

is a two-sided ideal of O n . In particular, if O n is simple (i.e., if O n does not 
contain any two-sided ideal except {0} and itself), then ul z (A*A) = =3- A = 0. 

In order to do computations and to prove theorems in a concrete setting, it is 
useful to have a representation of O n on a certain Hilbert space. This is provided by 
the GNS (Gel'fand-Naimark-Segal) construction. 

Assume there exists a countable subspace O C O n such that, WA G O n , there 
exists a sequence {Ai} i£ -N C O with the property that 

lim {{A - Ai)* {A- Ai)) = . (3.20) 



GNS. The GNS construction associates to the data (O 71 , a^, cj?) a Hilbert space 
a representation 7173 of O n on 7^g, a vector Qp G which is cyclic for np[O n ], 
and a continuous one-parameter group of unitary operators {e~* £ *} ie R, where C is 
selfadjoint on Hp, such that, for all A G C 71 , 



uf(A) = (np\irp(A){lp) ; (3.21) 
np[aUA)} = e iCt 7rp[A}e- iCt ; (3.22) 
CQp = . (3.23) 
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To construct Hp, ft/3, Tip and £, let, for all A G O n , [A] := A modAf, where the 
two-sided ideal M has been defined in ()3.19|) . Define on the linear quotient space 
H := O n /Af the scalar product 

([A]\[B]):=u>J(A'B). (3.24) 

The Hilbert space Hp is the completion (the closure in the norm induced by the 
scalar product defined in (|3.24Jl ) of H. Note that since O is countable, Hp is separable. 
Let flp := [1], and define Tip : O n -> B(Hp) by 

n (A)[B] := [AB] , (3.25) 

which extends by continuity to Hp. The one-parameter unitary group on Hp is defined 
by 

e- ia [A] := [a4(A)] , (3.26) 

for A G C 7 *". Unitarity follows from the fact that a;^ is invariant under a^, and, by 
Stone's theorem, the generator of the dynamics is selfadjoint because e~ lCt is strongly 
continuous on a separable Hilbert space. 



Modular operator and modular conjugation. Assume that flp is separating for ^p{O n ) 
(i.e., 7Tp(A)Q,p = =>- it /3(A) = 0), and define the unbounded antilinear operator S on 
7173(0°) such that 

S(irp(A)ttp) := irp(A*)£lp , (3.27) 

for A G O . We shall call this operator the modular operator, which is well-defined 
since flp is cyclic and separating for 7173 (O ). 

Moreover, define the modular conjugation operator J on 77/3(0°) such that 

J(irp(A)flp) := Srrp(a n iP/2 (A))flp = np(af 2 (A*))Qp , (3.28) 
for A G O . Some of the properties of the modular conjugation are the following. 

(i) Je~ lCt = e~ lCt J. Since O is dense in O n , and flp is cyclic, it suffices to show 
that Je- iCt np(A)ttp = e- iCt J-Kp(A)flp, for A G O . 

Je- iC %(A)flp = J7rp(a t n (A))Qp 

= S<Kp(a^ 2 (A))flp 
= 7ip(a t+ ^ 2 (A*))Qp 

= e-^np(a% /2 (A*))flp 
= e- iCt Jirp(A)flp . 

(ii) (J7rp(A)flp\J7rp(B)np) = (Tjp(B)flp\-K P (A)flp) , for A, Be O . 
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(iii) The dual representation defined by 7r* = JnpJ commutes with 7173 (i.e., ir^(O n ) C 
np(O n )'). It is enough to look at 7vf(A)7Vp(B)7Vp(C)rip, for A,B,C G O . 

irf(A)7rp(B)7rp(C)Qp = Jn^A) j7Tp(BC)Qp 

= Jirp(A)irp(af 2 (C*B*))np 
= Maf 2 (a^ /2 (BC)A*))n, 
= 7r^BCa^ 2 (A*))^ 
= 7rp(B)Jnp(A)^(a% /2 (C*))^ 

The claim follows by continuity. Note that, with our assumptions, one may 
show that (ir p (O n ))" = (irf(O n ))' (see for example [HHW] ) . 

(iv) Note that 

J = Se^ 2 = e~^ 2 S. 
The polar decomposition of S is 

S = Je^ c ' 2 = e l3C/2 J , 

\S\ = e -^ 2 and J = S\S\-\ 

(v) 

e* tc nf(A)e^ c = nf(o^(A)) , 
where A e O n . This follows from the definition of Tip* and (i). 

(vi) Suppose that ip is an eigenvector of C with eigenvalue A, and that Jip = ip. 
Then A = 0. 

\ip = Cip = CJtp = -JCip = -JXtp = -A> 

and hence A + A = 0. However, A G R since C is selfadjoint, and therefore 
A = 0. 

(vii) It follows from the definition of J and the fact that Sip = [1] that JVlp = Hp. 

3.3 Return to equilibrium 

Part of the zeroth law of thermodynamics is that equilibrium states of reservoirs are 
stable under local perturbations, and that the system returns to equilibrium if the 
perturbation is such that it satisfies some conditions (see chapters 5 and 6). 

In the thermodynamic limit, the KMS state at inverse temperature /3 of a quantum 
mechanical system, assuming that it exists, corresponds to the simple zero eigenvalue 
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of the Liouvillean C, while the rest of the latter's spectrum is continuous (see, for 
example [JP2]).t 

Return to equilibrium 

(i) Consider a state u normal to the equilibrium state up at inverse temperature 
f3, and suppose that zero is a simple eigenvalue of the Liouvillian C, such that the 
spectrum of C away from zero is continuous. Then the system possesses the property 
of return to equilibrium in the ergodic sense, 

lim 1 f T dtu(a*(A))=u p (A) 1 (3.29) 

for A G O. 

(ii) Moreover, if the spectrum of £ away from zero is absolutely continuous, then 
the system possesses the property of return to equilibrium in the mixing sense 

lim oj{a\A)) = ujr{A) , (3.30) 

t— >oo 

for A G O. 

Proof. To a state uj normal to up, one associates a density matrix p = ^2 n p n \fpn) {i^n\, 
such that ^2 n p n = 1 and ip n G Hp. Since any vector ip n G Hp can be approximated 
by a sequence of vectors ip™ = np(A™)Qp, A™ G O , it is enough to prove 

w - lim i / (7r^(S)Q^|7r^(o ; t (A))7r^(C)^) = ^(S*C7)^(A) , (3.31) 
for case (i), and 

w - lim (7rp(B)Qp\7rp(a t (A))7rp(C)Qp) = u p (B*C)u p (A) , (3.32) 

for case (ii). 

For the first case (i), we use the fact that 

r-T 



1 /" 

w- lim - / dte ±lCt = \np)(Qp\ , (3.33) 



^The Liouvillean £ depends on the inverse temperature /?, but we suppress this dependence where 
there is no confusion. 
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and the KMS condition, 

lim 1 f dt^ p {B)n p \'K P {a t {A))'K P {C)n p ) 

= lim I / cft<n i9 |7r / ,( J B*)7r / ,(a f «(A))7r / ,(C0|n /J > 

= lim i / (ft(n /J |7r /J (a-« , (C7))7r /9 (B*) e <£t 7r / ,(^)|n / ,> 

= (np\irp(a- ifi (C))irp(B)\np)(np\irp{A)Q p ) 
= up{B*C)up{A). 

Case (ii) similarly follows using 

w - lim e ±iCt = , (3.34) 

and the KMS condition. 
□ 

We have reduced proving the property of return to equilibrium to showing that 
zero is a simple eigenvalue of the standard Liouvillian £, while the rest of the spectrum 
away from zero is continuous. Since Hp is a Hilbert space, we can make use of the 
available spectral methods to prove RTE. 

3.4 Perturbation of the equilibrium state 

In this section, we discuss perturbation of the KMS equilibrium state. To simplify the 
discussion, we will consider bounded perturbations as in [Arl]. For the unbounded 
case, look at the appendix, where the proof is based on the perturbation of W*- 
dynamical systems, as discussed in [DJP]. 

Suppose the Hamiltonian of the system is perturbed by a local bounded pertur- 
bation V G O. The perturbed dynamics is given by the Dyson series expansion 

a v (A) := VV / dt x / dt 2 --- dt n [a tn (V),---[a tl (V),a t (A)]---] , (3.35) 

for A G O. This defines a one-parameter group {a v } t eR, on O, and a v can be 
unitarily implemented on the GNS representation 

7r p [a v (A)} = eitic+^v^^-itic+^iv)) _ (3>36) 

Note that one may add to (£ + 7T/?(V) an element W G 7Tp(0)#. Furthermore, 
7c*[a v (A)] = j7r p (a v (A))J 

= j e U(C + MV)+W) j7r #( A) j e -U(C + MV)+W)j 
= e it(£-*t(V)-JWJ) n #^ e -it(C-ir*(V)-JWJ) _ 
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Imposing that the left representation and its dual have the same generator of dynamics 
gives 



C v = C + n (V)-7r*(V) + Z , 



where Z e (np(Oy n nt(0)'). Without loss of generality, set Z = 0. The standard 
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Liouvillian is hence given by 



C v = C + Trp(V)-n*(V) . (3.37) 

Note that JCy = —CyJ- One may also find an expression for the perturbed (a v , (3)- 
KMS state, noting that Vtp is in the domain of the unbounded operators e~ l5<yC+1T ^ v ^/ 2 
and e^+^piv))/" 2 . 

The expectation value of an operator A e O in the perturbed equilibrium state is 

u%(A) := , (3.38) 

where 

= V / dn dr 2 --- dr n 7T P (a T "(V)) ■ ■ ■ itp{o^{V))Qp , 

n=0 ^ J ° J ° 



after Wick rotating (it -> r), and := t^e"^^' 3 ^) is a normalization factor so 
that (Jig = 1. Note that we can also write 

fij = (Z^-h^t^y^ ; (3.39) 
JfiJ = fij , (3.40) 
and C V Q^ = 0. (3.41) 

3.5 Instantaneous equilibrium states 

Now suppose the perturbation V = V(t) G O is time-dependent. We define the 
instantaneous equilibrium states cuj t by 

^O^WM-inW), (3.42) 

where 

J#(f) := (^J-^e-^^W*)))/ 2 ^ , (3.43) 

and 

Z£ t :=Uf,(e-K c+ *0<y®») . (3.44) 

Note that, for each t e R, 

£v(f)n£ t = o , 
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and 



These states will be useful in characterizing reversible isothermal processes (see 
chapter 7). 



3.6 Appendix 1: Basics of operator algebras 
3.6.1 Banach algebras 

Consider an associative algebra U over a field JF (which might be R or C), with a 
norm 1 1 • 1 1 such that U is a Banach space. The algebra U is called a Banach algebra 
if ||AB]| < \\A\\ \\B\\, for any A,BeU. We say U is unital if it contains the unit 
element 1. An example of a Banach algebra is the space of bounded operators on a 
Banach space with the operator norm. 

The spectrum of A G U is cr{A) := {A G C : A — XI is not invertible in U}, and 
its spectral radius is r(A) := sup{|A| : A G cr(A)} = lim^oo ||A n ||™ = inf n ||A ra ||™. 

In order to discuss C*-algebras, we need to introduce the notion of an adjoint 
operator. An adjoint operator in an algebra over C is an anti-linear map A — > A*, 
such that (A*)* = A and (AB)* = B*A*, for any A, B G U. A C*-algebra U is a 
Banach algebra over C such that ||-AM.|| = ||^4|| 2 . In particular, \A*\ = \\A\\. If U 
is a C*-algebra without the unit element, one can extend the algebraic structure by 
adjoining the unit element, such that the norm on the extended algebra U un := C1@U 
is given by ||al + A|| := sup BeU -\\b\\=i \\ a B + AB\\, where a G C and A G U. One may 
also show that a C*-algebra U is isomorphic to an algebra O of bounded operators 
on a complex Hilbert space Tl, such that O is selfadjoint (O* = O) and closed in the 
operator norm topology. For all practical purposes, we will consider the latter to be 
the definition of a C*-algebra. 



3.6.2 Positive elements 

An element A of a C*-algebra O is said to be positive (A > 0) if A — A* and cr(A) > 0, 
or equivalently, A = B*B for some B G O. 



3.6.3 States 

A continuous linear functional p on a C*-algebra O is a state if p > (ie, for positive 
A G O, p(A) > 0), and ||p|| = 1. If O is unital and p > 0, then ||p|| = 1 iff p(l) = 1. 
A state on a C*-algebra O has a unique extension to a state on O un . The set E(0) 
of all states on O is a convex subset of the dual of O. In particular, if O is unital, 
E(0) is compact in the w*-topology of the dual. 



30 



3.6.4 Representations 

A representation of a G*-algebra O is a pair (H,ir), where H is a complex Hilbert 
space and 7r is a morphism of O to the G*-algebra B(fH) of bounded operators on 7i. 
The representation it is said to be faithful if, for A G 0, tt(^4) = =>- A = 0. 

A cyclic representation of (9 is a triple 7r, Q), where Q G such that | | = 1 
and 7r(C)f2 is dense in 7i. 

3.6.5 Groups of automorphisms 

A morphism g : O — > O that has an inverse g' 1 is called an automorphism. We say 
that a state p is invariant under a group of automorphisms G if p(gA) = p(A)\/g G G 
and A G 0. 

3.6.6 GNS construction 

If (7i, 7r, f2) is a cyclic representation of a C*-algebra O, then A — > p(A) := (fi|7r(A)fi) 
defines a state on O. The converse is also true, and it is known as the GNS construc- 
tion. 

Let G be a group of automorphisms of the C*-algebra O and p a corresponding 
G-invariant state on O. Then there is a cyclic representation (TC P , n p , Q p ) of O such 
that 

7r p (^A) = U^n^U^gy 1 , f/ p G?R = ^ , (3.45) 

for all g G G and Ag0. The data (H p , ix p , Vt p ) are unique up to unitary equivalence. 

Proof. Assume O is unital (adjoin the unit element if necessary), and let Af = 
{A G O : p(A*A) = 0}, and [•]:&—> C/A/", the quotient map. Using the Cauchy- 
Schwarz inequality, one may show that Af is a two-sided ideal in 0. Define the scalar 
product over O/Af by 

([A]|[fi])=p(A*5). 

The Hilbert space TC P is the completion of O/Af with respect to this scalar product. 
Moreover, 

n p (A)[B] := [AB] ; 

fip := [1] ; 
[/,(<?) [A] := , 

for g G G and A, B G £>. □ 

3.6.7 Pure and ergodic states 

Let E G be the set of states which are G-invariant. It is a convex set. The extremal 
points of this set are the so-called G-ergodic states. In particular, if G is reduced to 
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the identity on O, Eg reduces to E, and its extremal points are pure states. Moreover, 
p is ergodic iff the only bounded operators on 7i p commuting with U p {G) are multiples 
of the identity, ie, n p (0) V U P (G) is irreducible. 

3.6.8 von Neumann algebras 
Commutant 

Let B(7i) be the algebra of all bounded operators on a complex Hilbert space H and 1 
the identity operator on 7i. The commutant of a set U C B(T~i) is W := {A G B(7i) : 
B G U =>■ [A, B] = 0}. If the commutant W consists of multiples of the identity, then 
U is irreducible. Let U" := (W)', the double commutant of U. 

A selfadjoint algebra M. of B(H) is a von Neumann algebra if it satisfies one of 
the following equivalent conditions: 

(1) 1 E M and M is closed in the strong operator topology. 

(2) 1 G M. and M. is closed in the weak operator topology. 

(3) M = M". 

For all practical purposes, it is useful to think of a von Neumann algebra M. as a 
unital C*-algebra on a Hilbert space. Let U be a selfadjoint subset of B(H). Then 

is a von Neumann algebra, and the double commutant U" is the smallest von 
Neumann algebra containing U. 

A von Neumann algebra M. is called a factor if Ai C\ A4' = Al, where A G C. 
Factors are classified into three main types (I, II, III). We will not go into the discussion 
of the classification of factors, because it is beyond this review appendix. 

(A von Neumann algebra is called a concrete W^*-algebra. An equivalent, yet 
abstract, definition of a W^*-algebra is given by [Sa], whereby a W*-&\gebr& is a C*- 
algebra with a predual (see following subsection).) 

3.6.9 Predual and normal states 

Let M. be a von Neumann algebra on a Hilbert space 7i. Linear functionals u on M. 
of the form A -> uj(A) = ^ n (^n, A?n) 5 where J2 n I W | 2 < oo, J2 n I Iv 9 ™! I 2 < 00 > form 
a closed subspace of the Banach dual Al* of A'i. is called the predual of M.. 
The dual of M* is M in the duality 

(A,u) e M x M* — > . 

The predual of £>(7i) can be identified with the Banach space £ 1 (7i) of trace-class 
operators on using the duality 

(A,p) G iB(W) x C\H) -> Tr(pA) . 

States in the predual are called normal: A state u; on .M is normal iff there is a density 
matrix p (a positive trace-class operator with unit trace) such that cu(-) = Tr-n(p-)- 
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Cyclic and separating vectors 

Let At be a von Neumann algebra on a Hilbert space H. A vector f2 e is cyclic if 
.Mf2 is dense in 7i. One says that f2 is separating if AQ = ^ A = 0. Note that Q 
cyclic for .M is equivalent to Q separating for Ai' . 

Suppose that (7i w , 7r w , is the GNS construction associated with a von Neu- 
mann algebra At and a state 00. Then 7r w (.M) is again a von Neumann algebra. 
Moreover, if uj is faithful (ie, u(A*A) = =^ A = 0, for A e .M), then fi w is separat- 
ing for ^(.M). In particular, 7r w is an isomorphism. W^*-algebras are *-isomorphism 
classes of von Neumann algebras. 

3.6.10 Tomita-Takesaki theory 

Consider the von Neumann algebra Ai, with cyclic and separating vector Q on Ai. 
Since Ai" = Ai, it follows that Q is also cyclic and separating for Ai'. Define the 
operators S and S' by 

SAQ := A*Q ,Ae Ai ; 
S'BQ := B*Q ,Be Ai' . 

Both S and S' are closable, and denote their closures by the same symbols. One 
can show that there is a unique positive operator, the modular operator A, and a 
unique anti-linear operator, the modular conjugation operator J, such that S = JA 1 / 2 
and S' = JA- 1 / 2 . 

The Tomita-Takesaki theorem says that 

JMJ = Ai' , A U M A~ u = Ai , 

for t e R. 

3.6.11 Modular automorphism group and the modular con- 
dition 

Let wbea faithful normal state on the von Neumann algebra Ai, and (7i w , n^, fL) 
the corresponding GNS representation. Moreover, let A be the modular operator 
associated with the pair (71^,^). (von Neumann algebras with a faithful state are 
called a-finite.) One may show that there is a a- weakly continuous one-parameter 
group t — ► cr^ of *-automorphisms of Ai defined by 

of (A) :=n-\A u ^(A)A- u ). 
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This is the modular automorphism group associated with (JA,u). The modular 
condition is 



= {n u (B*)Q u \n u (A*)Q u ) . 

The pair (a^Ai) is called a W^-dynamical system. We will discuss perturbations 
of W^-dynamical systems in the following subsection. 



3.6.12 Standard form of M / *-dynamical systems 

A jy*-algebra in a standard form is a quadruple (Ai, H, J, H + ), where H is a Hilbert 
space, At C B(H) is a concrete W^*-algebra, J is an antiunitary involution on H, and 
H + is a self-dual cone in H such that 

(1) JMJ = At' ; 

(2) JAJ = A* for A in the center of At; 

(3) Jip = ip for ^ eH + ; 

(4) AJAH + dH + for A e M. 

If .M is an abstract VF*-algebra, and if it : At — > #(7Y) is an injective unital rep- 
resentation and (7r(A4), 7Y, J, 7i + ) is a standard form, then we say that (tt, H, J, H + ) 
is its standard representation. 

Suppose At has a faithful state uj, tt : Ai — > £>(7i) the corresponding GNS repre- 
sentation with cyclic vector fi, and 7i + := {n(A) Jtt(A)VL : A G .M} d . Then 7i + is a 
self-dual cone and (tt,H, J,H + ) is a standard representation of .M. Moreover, every 
Vr*-algebra Ai possesses at least one standard representation. If (tt 1 , Hi, Ji,Hf) and 
(tt 2 , Hi, J2, 7~tt) are two standard representations of Ai, then there exists a unique 
unitary operator W : Hi — > 7i 2 such that 

WJi = J 2 W . 
(For a proof of these results, see for example [BR].) 

From now on we will fix the standard form (Ai,H, J,H + ). For a vector Q G H, 
we associate the corresponding state uq such that 

u n (A) := (Q\AQ) , 

where A G Ai. Note that uj^ is a normal positive functional on Ai. The following 
hold. 
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(1) The mapping H + 3 f2 — > G is a bijection, where is the predual of 
M. formed of positive linear functionals. 

(2) If *,$ G H + , then 

||* - $|| 2 < - < ||* - $|| ||* + $|| . 

(3) If Q G H + , then fl is cyclic Q is separating c<jq is faithful. 

Suppose that t — > a* is a W^-dynamics on .M and let £/(«') be the standard 
unitary operator corresponding to a 1 . Then there exists a unique selfadjoint operator 
C such that U{a t ) = e lCt and e lCt 7i + C 7i + . This operator is called the standard 
Liouvillean of a 1 . Furthermore, {u;$ : $ G 7i + fl KerC} = {u e M.+ : uj is «*- 
invariant }. It follows that 

(1) rfim KerC = 1 <^ there exists one normal a'-invariant state ; 

(2) dim KerC = <^ there are no normal a'-invariant states. 

3.6.13 Perturbation of iy*-dynamical systems 
Perturbation of the ^-dynamics 

Consider a VF*-algebra M C B(H) with ^-dynamics implemented by a selfadjoint 
operator C, and a Hamiltonian perturbation V, which is a selfadjoint operator affili- 
ated to M.. We will make the following sufficient assumptions to prove the existence 
of the perturbed dynamics. 

(Al) C + V is essentially selfadjoint on £>(£) n V{V). 

Proposition ALL Let a v (A) := e it(c+v) Ae -it(c+v) for a e M, and suppose (Al) 
holds. Then 

(i) a v is a W^-dynamics on M. ; 

(ii) if the perturbation V is bounded, then 

«v(o = E* n / i^oo, [• • • t^n «*(•)] • • - • • -dtn ■ 

n > J0<t n <-<ti<t 

Since L and are selfadjoint, and L + V is essentially selfadjoint on "D(L) nP(l / ), 
the proof of the above proposition follows from the Trotter product formula [RSI] 

^(A) = S- lim ( e itC/n e itV/njn( A ^ e -itC/n e -itV/ny ^ 
n^oo 

where A G M. Since e ±tty l n G .M, a v (A) G .M. Therefore, «y is a ^-dynamics. 
Claim (ii) is nothing but a Dyson series expansion when the perturbation is bounded. 
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Perturbation of the standard Liouvillean 

Suppose that (M,H, J, H + ) is a standard form of a W^*-algebra, and define the stan- 
dard Liouvillean as Ly := C + V — JVJ. We will make the following assumption. 

(A2) C v is essentially selfadjoint on £>(£) n V{V) n V(JVJ). 



Proposition A 1.2. Suppose that (Al) and (A2) hold. Then 

(i) atyiA) = (?t£v A e -itc v . 

(ii) e ±iCvt U + C n + . 

Proof. Note first that e itJVJ = Je~ itv J G M . Since £>(£) n V(V) C V(C + V), it 
follows that £>(£) n n P(jyj) C V(C + V)n V(JVJ). Now, (i) follows from 

the fact that Ly is essentially selfadjoint on T>{C + V) n V(JVJ) and the Trotter 
product formula e** £v = s — lim n _ >00 (e i ^ £+y ^ n e~** JV ' J//n ) n . Moreover, since e ltv and 
e -itjyj commute; ^(v-jvj) = gitvj e itvj m Hence, e^-^- 7 ^ C H + . The latter 

together with e ltc H + C 7i + imply (ii). □ 



Relative entropy 

Let M be a W^*-algebra, and ■?/>, be two functionals in M^ with representation 
vectors ^, $ respectively. Before discussing relative entropy, we need to recall the 
definition of the relative modular operator. Define the operator S<&<t, by S^^A^f : = 
A*<&. The relative modular operator is = S$yS$^. 

Denote by Ent(ip\ip) the relative entropy of ip, if as defined by Araki in [Ar2]. (We 
will follow the sign convention as in [BR].) 

E„ mV ) = i^ l0gA ^ iiS ^ S " . (3.46) 
— oo otherwise 



Proposition A 1.3. 

En^|^) = hmr 1 (||A^|| 2 -||^f) 

Proof. We will only sketch the main steps of the proof. The claim follows from 
the spectral theorem, the monotone convergence theorem, and the fact that logx = 
lim^o^* — 1), monotonically on the intervals x G [0, 1], [1, oo). □ 

Let M\ and M2 be two Vr*-algebras. A map 7 : Mi — > M2 is a Schwartz map 
iff 7(1) = 1 and ~f(A*A) > 7 (A*) 7 (A). 
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Theorem A 1.3 (Uhlmann's monotinicity theorem). 

Let ipi, ifii be normal states on M.^i = 1,2, and 7 : M.\ — > .M 2 a Schwartz map 
such that ip2 7 = ipi and </? 2 7 = y?i- Then 

Ent^M < £ntOi|y?i).(see [Uh,Do,Ar2]) 

Proof. We prove this result in a standard concrete setting (which is equivalent 
to the abstract setting). Let (A4i,Tli, Jj,7Y^) be the standard form of A4i,i = 1,2, 
7 : A4i — > -M 2 a Schwartz map, and ^ G M.f*^ = 1,2 with corresponding represen- 
tation vectors such that ip2l = Furthermore, let T>\ = A4\^/ + (A^i^/) -1 , and 
T : I?! — > 7i 2 a linear map defined by 

T^x + eO := 7(^)^2, 

for A G 7Wi,0i G (Ati*i) ± . Since 7(1) = 1 and T*i = # 2 , ^ is well defined and 
extends to a contraction from H, 1 to 7Y 2 . The claim of the theorem follows from the 
interpolation estimate for the relative modular operator 

||A^ 2 || < IIA^^H ,0<t< 1, 

together with 

Ent(rl>\<p) = ]w(\\A%%^\-\\*\\ 2 . 

□ 

A direct corollary of this theorem is the following. 
Corollary A1.4- 

Let M C A4 be jy*-algebras with common identity element, ip,<p G and \jy 
is the restriction to Af. Then EVi^^f/?) < -E^C^M^Ia/")- 

Perturbation of KMS states 

Consider (A4,H, J,TC + ) a Vr*-algebra in the standard form, a 1 a W^*-dynamics, and 
uo a faithful (a*, /3)-KMS state, with /3 > 0. In this subsection we discuss the existence 
of the perturbed KMS state for a large class of unbounded perturbations. 

We first prove its existence for bounded perturbations and then extend the proof 
to unbounded perturbations. 

Theorem A1.5 (Bounded perturbation). 

Suppose V is a bounded perturbation. Then we have the following: 

(i) n G V{e-^ c+v ^ 2 ). 

Let Q v := e-^ c+v ^ 2 Q and uj v {A) := (Q V \AQ V ), for A G M. 

(ii) fly G 7i + and is cyclic and separating. 

(iii) uoy is an (ot v , /3)-KMS state. 
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(iv) The Peierls-Bogoliobov inequality holds 

e -P(n\vn)/2 < ||^||_ 

(v) The Golden-Thompson inequality holds 

\\n v \\ < \\e-w 2 n\\. 

Sketch of the proof. Although these results have been obtained in [Arl], we follow the 
proof of [DJP] which can be extended to unbounded perturbations. The first step is to 
prove (i)-(v) for analytic perturbations, which approximate bounded perturbations, 
and then extend the proof to bounded perturbations. Suppose V is analytic, and let 
E v (t) := e lt ( c + v ) e - ltc . The latter has an analytic continuation to an entire function 
z -> E v (z), and Q £ V{e iz{c+V ^) for all z E C. In particular, tt v = E v {if3/2)Vt. 
Furthermore, E v (i{3/2) = E v (i(3/A)a i ^\E v (if3/A)*), and hence 

Vl v = E v {i(3/A)a ip l A E v {i(3/Ayn 
= E v (i(3/4)JE v (i(3/A)n . 

Therefore, Qy £ ^ + for analytic V. 

The relation S n E v (if3/2)*An = A*Q V = Sn v pAQ, for A e M, implies that the 
relative modular operator 

= E v (ip/2)A a E%r(ip/2) 
= e -p(c+v) _ 

Hence, logA nViQ = logA n - (3V . Let V := V + /T 1 log \\Q V || 2 , and tty v= 
VL V /\\VL V \\. Since logAn-,f! = logA^ — f3V, it follows that Ent(uj\uj v ) = —(3lu(V). 
The latter together with the inequality Ent{uj\uj v ) < imply that e -P<P\vn)/2 < \\Q V \^ 
which is the Peierls-Bogoliubov inequality. 

We still want to show the Golden-Thompson inequality in the case of analytic 
perturbations. Consider Af an abelian von Neumann subalgebra of M. generated by 
V. 

log ||fi y || 2 = Ent(uj v \u) - (3lu v (V) 

< Ent(u v \x\^\x) - Pv v (y) , 

where the last inequality follows from Uhlmann's monotinicity theorem. Using the es- 
timate Ent(ip\ip) +ip(V) < log(v?(e y )) (which follows from the fact that e v commutes 
with A$ ^ and logx < x — 1) and the last inequality, it follows that 

log \\n v f < \oguj{e^ v ) = log ||e-^ 2 Q|| 2 , 
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and hence < || e -^ y / 2 Q||. 

Now, extend the proof of the above statements to bounded operators. Suppose 
V G M. is selfadjoint, then there is a sequence of selfadjoint a-analytic elements V n 
such that V n — > V strongly as n — > oo. As a consequence, £ + V n — > £ + V and 
£y n — * £v in the strong resolvent sense, while e -l 3 ( c + v ^)/ 2 converges to e~^ c+v ^ 2 in 
the weak sense. □ 

The above theorem can be extended to unbounded perturbations, but we need to 
make one additional assumption. 

(A3) \\e^ 2 n\\ < oo. 

Theorem A 1.6. 

Assume (Al), (A2) and (A3). Then 

(i) n G V{e-^ c+v ^ 2 ). 

(ii) Qy £ ^ + and fly is cyclic and separating, 
(hi) ujy is a (ay, /3)-KMS state. 

(iv) The Peierls-Bogoliubov inequality holds 

e -P(n\vn)/2 < ||^||_ 

(v) The Golden-Thompson inequality holds 

\\Q V \\ < \\e-W 2 n\\. 

Proof. Consider the sequence of bounded operators V n := S[_ nj7l ](V)V, where 
S[_ n>n ] is the spectral projection of V on the interval [— n, n]. The proof holds for V n 
as in the bounded case. Moreover, C + V n — > C + V in the strong resolvent sense, and 
so does Cy n — > £y. The proof follows for V by taking the limit n — > oo. □ 
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Chapter 4 

A Zoo of models 



In this chapter, we carefully list several physically relevant models that are paradigms 
of thermodynamic systems. We study thermodynamic processes of these models in 
the following chapters, so the reader may opt to skip this chapter only to return to 
it when needed. 



4.1 Model Al\ a small quantum system coupled to 
a reservoir of non-relativistic bosons 

Consider a quantum mechanical system composed of a small system E, with a finite 
dimensional Hilbert space, weakly coupled to a large infinitely extended reservoir 1Z 
of non-relativistic Bosons. 

The Hilbert space of the small system is 7i s = C d , and the kinematical algebra 
of observables is (9 s = Ai(C d ), the matrix algebra on C d . Its dynamics is generated 
by the Hamiltonian H^, such that i? s 0i = E^,^ e H^,i = 0, ••• ,d— 1, and 
Eq < Ei < • • • < E d _i. In the Heisenberg picture, the time-evolution of an operator 
A G (9 s is given by 

of {A) := e iHSt Ae- iHSt , t E R . (4.1) 
For inverse temperature < (3 < oo, the (ctf , /3)-KMS state is given by 

"?« : = j^prnj ■ < 4 ' 2 > 

where the trace is taken over 7i s , assuming e~ is trace-class for (3 > 0. 

The large system TZ is infinitely extended and is described by a free non-relativistic 
bosonic gas. Its state is taken to be the equilibrium state at inverse temperature 
(3 > 0. Let 

L\ := L 2 (R 3 , d 3 k) n L 2 (R 3 , \k\~ 2 d 3 k) , (4.3) 
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and denote by W(Lq) the Weyl algebra over L\ (see Appendix 2). The latter is the 
C*-algebra generated by the Weyl operators W(f), f G L\, which satisfy 

W(f)W(g) = e -i Im(f ' 9) W{f + g) = e- lIm(f ' 9) W{g)W{f) , (4.4) 

and W(f)* = W(—f),W(0) = 1, such that the brackets (•, •) denote the scalar 
product on L 2 (R 3 , d 3 k). The state of the large system is described by the (a{,/3)- 
KMS state uo^ on W(Lq). It is quasi-free and completely determined by the two-point 
function 

4{a*{k)a{k')) = , (4.5) 

where a and a* are the annihilation and creation operators satisfying the commutation 
relations 

[a*(k),a*(k')\ = (4.6) 
[a(k), a*(k)] = 5(k - k!) , (4.7) 

uj{k) = k 2 the non-relativistic dispersion relation, and 5 is the Dirac distribution. 
The dynamics of the uncoupled reservoir is given by 

a{(W(f)) = W(e^f) . (4.8) 

(Note that the latter is not norm continuous (see Appendix 1).) 
Let 

and 

a(f) := j d 3 kf(k)a(k) ,a*(f) := J d 3 kf(k)a*(k) . (4.10) 

According to [ArWo] , the GNS representation of the free bosonic reservoir on the 
Hilbert space JF + <g> JF + is given by the following: 

fij = fi®fi (4.11) 
4(a(f)) := a(y/T+^f) ® 1 + 1 ® a*(^J) , (4.12) 
(4)*(a(f)) := a*(y/pf) ® 1 + 1 ® a(v^T77) , (4.13) 

where f2 is the vacuum state in the bosonic Fock space Jl{ is the vector repre- 
sentation of cut, and ( T ) stands for complex conjugation. One may check by direct 
computation that 

(Q f p \n f p (a*(k)a(k'))Q f p ) = {^\{^)*{a*{k)a{k'))^) = p(k)S(k-k') = J p {a* {k)a{k')) . 

(4.14) 
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The Liouvillean of the bosonic reservoir on JF + <g> F + is 

C f = J dku{k)[K f p {a*{k)a{k)) - (n f fi )*(a*(k)a(k))] . (4.15) 
Introduce the map Tp : L\ — > L 2 (R x S 2 ,du x rfcr) such that 



(W)(«,<t) = < V 2 A ^, - 

where u = k 2 and / G Lq is represented in polar coordinates. The freedom in choosing 
the phase <fi will be used to impose continuity at u = 0, as we shall see later. Now, 
using the isomorphism between L 2 (R 3 ) © L 2 (R 3 ) and L 2 (R x S* 2 ) (the latter is the 
so called glued Hilbert space), map JF + (Lq) (g) JF + (Lq) — > JF + (L 2 (R x S* 2 )), such that 
fig is mapped to the vacuum state of JF + (L 2 (R x S 2 )) and = dT(u), the second 
quantization of the operator of multiplication by u G R (see Appendix 2 for the 
construction of the glued Hilbert space). 

One may specify the interaction between E and 1Z in a representation-independent 
way in terms of a suitable *-automorphism group a* on the C*-algebra B(H S ) <g> 
W(Lq), where g is a perturbation parameter and let a l := af<S>ct{, the free dynamics 
(see [FM1]). However, for the sake of simplicity, we specify the interaction directly 
on the GNS Hilbert space. The (ccq, /3)-KMS state is 

= <g> , (4.17) 

on the algebra W = i3(7Y s ) <S> W(Lq). The representation Hilbert space is 

n = n^ ®t+ , (4.18) 

such that JF + = JF + (L 2 (R x S 2 , du x dcr)) is the bosonic Fock space over L 2 (R x S* 2 ). 
The cyclic vector in the GNS construction representing in H is 

^ = n^<s>n f p , (4.19) 

where Qp is the vacuum vector in JF + , and 

= (Tr(e-^ E ))-V 2 £ e-^/ 2 ^ © ^ , (4.20) 
i=o 

with </?j the eigenvector of if s corresponding to the eigenvalue Ej. 

Let = f or ft e L 2 (R x S 2 ). The representation map Tip : £(ft s ) <g> 

W(Lg) -> i3(7i) is given by the product 

:= 7T S ® 7T^ , (4.21) 
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with 

tt s (A) := A® I s , (4.22) 

4(W(f)) := , (4.23) 

for A G £(ft s ) and / G Lg. 

The interacting dynamics is generated by the standard Liouvillean, as seen in 
Chapter 3, which is given by 

C g :=Co + gI, (4.24) 

where C := £ s + £ f , £ s = # s <g> I s - I s <g> /7 s , = dT(u), u 6 R, g is a coupling 
constant, and the interaction I is given by 

I = J2{G a ® I s ® y^M^)) " 1 E ® C s G a C s ® ^(r^( e -^ a ))} • (4-25) 

a 

Here G Q are bounded selfadjoint operators on 7i s , g> a G Lq are the form factors, and 
C s is the antilinear operator of complex conjugation on 7i s . 

The corresponding interacting W^*-dynamics is defined by the one parameter group 
of *-automorphisms (see Appendix 1) 

«*(•):= e ^(-)e-^ , (4.26) 

on the von Neumann algebra 

Mp := np(B(H*) ® VV(Lg))" c i3(7i) , (4.27) 

where " denotes the double-commutant (weak closure). The pair (MpjCxV) defines a 
W^*-dynamical system. Let N := dT(l), the number operator. We will often make 
use of the following relative bounds (see Appendix 2) 

\\I(N + l)- 1/2 l \\{N + l)- 1/2 /|| < C(l + 1/(3) , (4.28) 

where C is a constant independent of the inverse temperature j3. 

In order to prove the existence of the perturbed dynamics and KMS state (together 
with the selfadjointness of C g as a consequence of the Glimm-Jaffe-Nelson theorem; 
see also Appendix 2) and to apply a suitable Virial theorem together with a PC 
estimate to study the spectrum of the standard Liouvillian, we make the following 
assumptions. 

(Al.l) Smoothness of the form factors. 

The form factors are given by g a (u, a) = u p g~ a (u, a), where p — 1/4, 3/4, 5/4 or 
> 11/4, and g a is such that, for fixed a and a, the map u — > g~ a (u, a) is C 3 on 
(0, oo), and 

||<%y L 2(Rxs2) < oo , (4.29) 
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for i = 0,l, 2, 3. If p = 1/4, 3/4 or 5/4, then the limits 



dig a (0,a) := lim .d$ a {u, a) (4.30) 

exist for i — 0, 1, 2, and there exists 0o G R such that 

e -*4(0,a)GR,i = 0,l,2, (4.31) 

Furthermore, we assume that for p = 1/4,3/4, d u g a (0,<j) = 0. As mentioned 
before, one may use the freedom in choosing the phase <fi (in the glued Hilbert 
space) to impose continuity of g at u — 0. For p = 1/4, choose = 20 o + tt, 
while for other admissible values of p, choose — 20o- 

The physical relevance of this assumption will be apparent in chapter 5, when 
we discuss proving the property of return to equilibrium for this model using 
the positive commutator method and a suitable Virial theorem. The analysis in 
chapter 5 involves estimating \\gI(N+ 1) -1 / 2 ||, which depends on (3 through the 
interaction /. It turns out that one has to be careful in taking the limit (3 — > oo 
in the infra-red singular regime p = 1/4. Moreover, we will need to estimate 
the norm of the difference between the interacting and the non-interacting KMS 
states, and hence to find an upper bound on the expectation value of the number 
operator N in the interacting KMS state £lp, g - In a suitable infra-red regime 
p > 1/4, we expect the KMS-equilibrium states of the non-interacting and 
interacting systems to be close to each other for small enough g, which will turn 
out to be independent of (3 for p > 1/4, but which will go to zero in the limit 
(3 — > oo for p = 1/4. Furthermore, we will need to control multiple commutators 
of C g with the dilatation generator Af = dY{id u ) (defined in section 5.1) in order 
to prove a suitable Virial theorem (Theorem 5.5, chapter 5). In particular, the 
third commutator of the interaction / with Af needs to be well-defined and 
relatively iV^-bounded. This is satisfied if 

dirp(ga) is continuous iniiGR for j = 0, 1, 2, and (4.32) 
dir p (g a ) e L\R x S 2 ) for j = 0, 1, 2, 3. (4.33) 

One can verify that ()4.32|) . (|4.33|) follow from (Al.l). Let p and 0o be as in 
assumption (Al.l). Then, for p = 3/4, 5/4, p > 11/4, we choose = 20 o , while 
for p = 1/4, we choose = 7r + 20 o - 

(Al.2) Fermi Golden Rule condition. 
Assume that 

min / da\Y2{(f) m ,G a (f) n )g a {\E m - E n \,a)\ 2 > . (4.34) 

Em^En J g2 
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This assumption pertains to the positivity of the level-shift operator, and it can 
be verified in specific physical models, such as a spin impurity interacting with 
(free) magnons in a magnet (see Appendix 2). Physically, it guarantees that 
the probability of absorption and emission processes of field quanta does not 
vanish to second order in perturbation theory. 



4.2 Model A2: spin impurity interacting with magnons 
in a magnet 

In this section we discuss a concrete physical model corresponding to the earlier 
model. 

Consider a ferromagnet, say a cubic lattice Z 3 , with lattice spacing a. Its Hamil- 
tonian is given by 

H = H spin + H wave = - J SiSj - ^2j(i)s* Si , (4.35) 

{ij) i 

where % G Z 3 , J > 0. The first term corresponds to the interaction between neigh- 
bouring spins, and the second term corresponds to the interaction between the spins 
and a spin impurity. The spin operators satisfy the commutation relation 

[Sr,Sf]=ie a( *5 ij S? , (4.36) 

where a, /5, 7 = 1,2, 3. One may write the Hamiltonian as 

# = -^E4(^7 + ^+) + S 3 S 3 }-^ (4.37) 

{ij) i 

where = S} + iSf and S~ = S} — iSf are the raising and lowering operators 
respectively. Using the Holstein-Primakoff transformation, one may write the above 
expression in terms of bosonic creation and annihilation operators a*, a: 

Si = {2Sf/\l- a ^fl 2 a^ (4.38) 

S~ = (2S)^a*(l - ^)V2 , (4.39) 
Sf = S - a* ai , (4.40) 

where S denotes the spin of the system. Regard perturbation of S, such 

that pa (2S) 1 ^ 2 a i and S~ pa [2S) l / 2 a*. Substituting back in the total Hamiltonian, 



H ^ - n NJS 2 -sl]vM+2JSn^a*a i -^JS(a i a*+a*a j )-^] i ^ , 



{ij) 

(4.41) 
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where M = Yli3i s o(S ~ a *i a i)i n the number of nearest neighbors (which is 6 in case 
of a cubic lattice), N is the total number of spins, and jo — ^2i3i- 

For a cubic lattice, take the Fourier transform of the annihilation and creation 
operators = ^= J2k e~ lk ' l b k and a* = -j= ^ k e %k ' l b* k . One may check that as a direct 

consequence of the commutation relations [af , af] = and [a*, a*] = [6*, 6*] = 
and [b k ,b* k ,] = 6 kk >. 

The total Hamiltonian for a\k\ <C 1 becomes 

-nNJS 2 -sl 3o M + J5^a 2 ^fe fc -y^^^{i i (4e ifc X + So -e-^)} , 

and in the continuum limit J2k ~^ (2^W / ^ 3 ^' S« ~^ V I dx, where V is the volume 
of the system, 

H^-nNJS 2 -s 3 j M+^ J d 3 kk%b k - j^y 3 ^ J d 3 k(j(k)s+b* k +](k)s»b k ) 

(4.42) 

= H PP + H C + I , (4.43) 
where 



j(k) = J dxj(x)e ik - x , 



H pp = -nNJS z - s 6 oJo M on C\ 
H c = — — / d 3 kk 2 b* k b k on T+; 



(2tt)3 . 



1 S 



d s kCj(k)s+b* k +j(k)sQb k ) =: / d 3 k{G{k)b*{k) +G(k)b(k)) onC 2 ®f + 



(2tt) 3 V 2N 

Using the Pauli matrices s , i — 1,2, 3, it follows that 

H pp = diag(-nNJS 2 - j M, -nNJS 2 + j M) 

See remark after Proposition A2.2 for an explicit expression of the level-shift 
operator for this model. 



4.3 Model B: a quantum dot coupled to a reservoir 
of non-relativistic fermions 

Consider a quantum mechanical system, say a quantum dot, composed of a small 
system £ with a finite dimensional Hilbert space coupled to an infinitely extended 
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reservoir 1Z of free non-relativistic fermions.* 

We assume that the small system can trap finitely many fermions. Its pure states 
are given by vectors in C d . Interpret (1, 0, • • • , 0) as the ground state (no fermions 
trapped by the quantum dot), (0, 1, • • • , 0) as the first excited state (one fermion 
trapped by the quantum dot), and so on, and assume that the Hamiltonian is given 
by ~ 

H* = diag(E ,E ir .- ,E d _{) . (4.44) 

Introduce the raising and lowering operators (which are dx d matrices and which 
correspond to adding or removing an electron in the quantum dot) 

/0 ••• o\ 



1 ••• 
1 ••• 

\o ... 1 0) 



(4.45) 



and 



c_ = (c+Y . (4.46) 

They raise and lower the energy level by one. For A G B(C d ), the dynamics is given 
by ' 

a? (A) := e ltHS Ae- UHS . (4.47) 

Initially, before the systems are coupled together, the state of the fermionic reser- 
voir is the KMS equilibrium state at inverse temperature (5 G [AjjA*], < (3q < (3*, 
and chemical potential v G R. 

Let h := L 2 (R?,d 3 x) be the Hilbert space of a single fermion with h its energy 
operator on h. The fermionic creation and annihilation operators b*(f),b(f),f G h, 
on the antisymmetric Fock space T- (h) satisfy the CAR relations 

{&#(/), b#(g)} = 0, (4.48) 
{b(f),b*(g)} = (f,g)l, (4.49) 

for f,g G L 2 (R 3 ). Unlike in the bosonic case, it follows from the CAR relations that 
b* are bounded, since ||& # (/)|| = \\f\\ for / eh. 

The kinematical algebra of the Fermi gas 0* is the C*-algebra generated by the 
operators {&*(/),/ G h} and the identity 1. The field operators are defined by 

v(/) = ^W) + &*(/))• 

The dynamics of the reservoir is specified by the Hamiltonian H* = dT(h), the 
second quantization of the energy operator h, such that 

{ (b#(f)) = e itHf b*(f)e- itHf = b#(e uh f) , (4.50) 



a 



*Mesoscopically, electrons in a normal metal are satisfactorily described by the Landau- Fermi 
liquid theory. This has been argued for heuristically and proven rigorously using renormalization 
group analysis (see for example [CFS, FMRT, FLKT]). 



47 



and h = u = k 2 the non-relativistic dispersion relation/ 

For each inverse temperature (3 > and chemical potential v e R, there exists a 
unique KMS state u/g on C^, which is a quasi-free, gauge- invariant state uniquely 
determined by the two-point function 

"Ub*(f)b(f)) = (f\(e P{u - u) + ir 1 f). (4.51) 

The C*-algebra of the combined system is the tensor product algebra O = (9 s ® 
0*, and the free dynamics is generated by the group of automorphisms a° = af®a{, 
such that, for A E O, 

a° t (A) = e itHo Ae- iHo , (4.52) 

and H = 7J S ® l f + I s <g> ifA 

Introduce the interaction between £ and 72., 

V = ^{c_ <g) &*(<? Q ) + c + ® &(<&,)} , (4.53) 

where g a Eh are the form factors. Note that V is a bounded selfadjoint perturbation 
(V E O and V = V*), and the perturbation is invariant under gauge transformations 
of the first kind (ie, the total number of fermions is conserved, which is expected in 
the nonrelativistic regime). 

The dynamics of the coupled system is generated by the Hamiltonian 

H g :=H + gV, (4.54) 

such that 

af(A) = e^H gAe -itH g ^ ( 455 ) 

for A e O. 

As in the bosonic case, we will work directly in a concrete GNS representation. 
Let flf be the Fock vacuum on jF_(h), N the number operator, 6 = T(— 1) = (— 1)^, 
and pp, v (u) := (l + e^^y 1 . Moreover, let H s = .F_(h)<g>.F_(h) and Q f = (l f ®£l f . 

The Araki-Wyss representation 7173 of 0* on is defined by [ArWy] 



MKf)) ■= KV^P^f)) ®l f + 0® b*(^ f) , (4.56) 

4W)) ■= b*(y/p^f)e ®9 + l f ® 6b(^/T^- u J) . (4.57) 

The Liouvillean of the uncoupled system is 

C = + C f , (4.58) 



tFor non-zero chemical potential, an equivalent free dynamics of the reservoirs is generated by 
dT(u — v), see for example [BR]. 
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where £ s = <g> I s - I s <g> # s and C f = H f <g> l f - l f <g> The standard 
Liouvillean of the coupled system is 

£ ff = £o + ^(y)-^7r|(y) . (4.59) 

Associate to every function f(u,a) G h = L 2 (R + ,S' 2 ) (in polar coordinates), 
two functions fp(u, a), ff (u, a) G L 2 (R, S* 2 ), the glued Hilbert space (with chemical 
potential v G R), such that 

ft \ fVl-P?Au)^f(u,a),u>0 

U(u,a):=l TH^7/- \ ( 46 °) 



-U 



2cosh 1 / 2 (/3(u-z/)/2) ' 



-/3([u|-i/)/4 



2cosh 1 /2( /3 (| n |_ ;/ )/2) 



^ 4 f(u,a),u>0 
|w| 1/4 7(-M,a) ,u < 



(4.61) 



and 



2cosh 1/ " i ( / 3(u-^)/2) — 



j e 0(|u|-!/)/4 



| 1 /V(- M ,a), M <0 



(4.63) 



2cosh 1 / 2 (/3(|«|-j/)/2) 1 

= ie-^(H-')/ 2 / /3 ( u , <T ) (4.64) 
= i7 /3 (-«, < r). (4.65) 

Map .F_(h)<g>.F_(h) -> J^_(L 2 (R, S 2 )) using the isomorphism between L 2 (R+, S 2 )® 
L 2 (R + , S 2 ) and L 2 (R, S 2 ) (see Appendix 2 for a discussion of the glued Hilbert space 
L 2 (R,S 2 )). 

The perturbed Liouvillean acting on H = HP <g> HP ® .F_(L 2 (R, S 2 )) is given by 

C = C^ + C f + gl , (4.66) 

where £ s is as before, & = dF(u), the second quantization of the operator of multi- 
plication by u G R, 

I = ^{c_®l s ®6*(^ /3 ) + c + ®l s ®% a , / 3)- 

a 

- l s ®C s c.C s 8 (l 4 (i))-l s ®CV E ® (4.67) 

and C s is the operator corresponding to complex conjugation on 7i s . 

Note that the perturbed Liouvillean is selfadjoint since the perturbation is bounded 
and selfadjoint. Both the existence of the perturbed dynamics and the perturbed 
KMS state follow from the latter fact (see Appendix 1, chapter 3). We will make the 
following assumptions on the form factors. 
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(B.l) Smoothness of the form factors. In order to apply the Virial theorem (see 
Proposition 5.10, section 5.2) in the proof of RTE for this model, impose that 

Km digger) = 0,j = 0,1,2,3. (4.68) 

This condition is satisfied if g a (u, a) = u p g a (u,a), for g G C 3 on (0, oo) and 
p > 11/4. 

(B.2) Fermi Golden Rule. This condition ensures that the small system is coupled to 
the reservoirs, 

min / | J2(<Pm,G a <j> n )g a (\E n -E m \,a)\ 2 >0. (4.69) 

This condition is translated to the positivity of the so called level-shift operator 
(Appendix 2). 



4.4 Model C n : a 2 level system coupled to n fermionic 
reservoirs 

For the sake of concreteness, and without loss of generality, assume that the small 
system E is a 2 level system (as described in section 4.3), coupled to n reservoirs of 
free fermions,7?4, • • • , 1Z n , in equilibrium at inverse temperatures Pi, - ■ ■ , f3 n G [f3o, /?*], 
for fixed 0o,fl*, such that < (3q < f3* < oo, and chemical potentials v\, • • • ,u n . For 
the sake of simplicity of exposion, we set all the chemical potentials of the reservoirs 
equal to v G R.* We will remark on how our results change if the chemical potentials 
are different in due course. 

The kinematical algebra of the small system E is s = M(C 2 ), the matrix algebra 
over C 2 , and its Hamiltonian is if E = 03, where <7j, % = 1, 2, 3 are the Pauli matrices. 

Each dispersive and infinitely extended reservoir IZi, % — 1, • • • , n is formed of free 
fermions, which are not necessarily non-relativistic. We make the assumption that the 
Hilbert space of a single fermion is h = L 2 (R + ; £>), where B is some auxilliary Hilbert 
space, and that the single particle Hamiltonian h is the operator of multiplication by 
u G R + . (In the previous section, B = L 2 (S 2 ) and u = k 2 .) 

The kinematical algebra of the coupled system is O = (9 s ® O ni ® • • • <g> O nn . 
The interaction between the small system and the fermionic reservoirs is given by a 
generally time-dependent perturbation 

v(t) = ® + ff + ® Kfi(t))h (4-70) 

i 

*We exclude the case when v = 2 so that the first nontrivial terms in perturbation theory for the 
coupled system are second order in the coupling parameter. 
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where t G R, <J± — U\ ± ia"2, the raising and lowering spin operators, and fi(t) G 
h, % — 1, • • • , n are the form factors. § 

The dynamics of the coupled system is generated by the Hamiltonian 

H g (t):=H + gV(t), (4.71) 
where H = iJ s + H Ul H h H n " , such that 

a?(A) = U(-t)AU(t) , (4.72) 

for A G O and the propagator [/ (t) satisfies the initial value problem 

d t U{t) = -iH g (t)U(t) , 
U(0) = 1. 

(Note that since the perturbation is bounded in the fermionic case, the perturbed 
time evolution can be expanded in a Dyson series (see [RS2]).) 

The GNS representation of the system is similar to the one given in the previous 
section (Model B). (In particular, each reservoir is represented using the Araki-Wyss 
representation, and then mapping the latter to the glued Hilbert space representation; 
see Appendix 2.) 

For every function / G L 2 (R + ; £>), associate the functions fp,ff G L 2 (R; B) given 

by 

fp(u,a,t) := t v (4.73) 

[ VppA- u ) f(- u i <M) > M < 

and 

ff(u,a,t) := /'V^ggj^'j;^ (4.74) 
^a/1 - ppA- u ) f{-u,(J,t),u < 

= if (-u,a,t). (4.75) 

The interacting standard Liouvillean acting on the Hilbert space 7i := 7i s ®7i 1 ' ® 
^ (L 2 (R; 8) ) ® • • • <g) ^i n) (L 2 (R; #)) is 

£,(t) = £ s + £ / + ( ? /(t), (4.76) 
where £ = £ S + £ S = # s ® I s - I s <g> /7 s , = £ 4 dT( Ul ), and 

= ^K®i s ®&*(A ft (t)) + ^®i s ®KA ft (t)) 
i=i 

- *l s ® a_ ® (-!)*&•(/&(*)) - .I s ® a + ® (-l)*&(/*,(f))} • 



§This form of interaction is invariant under gauge transformations of the first kind. 
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Let 

1(5) :={zeC: \Imz\ < 5} ; (4.77) 
I(S) :={zGC: —5 < Imz < 0} . (4.78) 

Moreover, for every function / G L(R + ; B) associate the function f E B such that 

/(„,„) -fef""" (4.79) 
[f(\u\,a),u< , 

and denote by H 2 (5,B) the Hardy class of all analytic functions g : 1(5) — > £>, such 
that 

\\9\\h\8,b) ■= sup / ||#(u + i(9)||gcfti < oo . (4.80) 
\6\<s Jr. 

In order to apply the method of complex translations, we make the following 
assumptions on the interaction. 

(C„.l) Regularity of the form factors. 

Assume that 35 > 0, independent of t and i G {1, • • • , n}, such that 

f t (t)eH 2 (5,B), (4.81) 

the Hardy class of analytic functions. 

(C n .2) Fermi Golden Rule. 
Assume that 

i 

for almost all i G R, which is another way of saying that the small system is 
coupled to at least one reservoir. 

Note that for this model, cr(£ s ) = {Ej} 3 j=0 , where E = E 1 = 0, E 2 = -2 and 
£3 = 2. 1 

We make the following additional assumption which we will need in discussing 
C-Liouvilleans in chapter 6. 

(C n .3) Stronger Regularity of the form factors. 

Assume that 35 > 0, independent of t and % G {1, • • • , n}, such that 

e~^ /2 fi(t) G H 2 (5,B) , (4.83) 



"A concrete example where the above assumptions are satisfied is when h = L 2 (R 3 , d 3 k),h — k 2 . 
In polar coordinates, B = L 2 (S 2 , da) . If the form factor f(k) = Ifc^^e - ^! , then both assumptions 
(C„.l) and (C„.2) are satisfied. 
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the Hardy class of analytic functions. This assumption is stronger than (C n .l), 
and we shall need it in studying the spectrum of the so called C-Liouvillean 
using complex deformation techniques. It implies that the mapping 

R 3 r -> A ir V(t)A- tr G M , (4.84) 

(where A = A s ® A^ 1 <£>•■■<£> A n " is the modular operator of the coupled 
system,) has an analytic continuation to the strip 1(1/2) = {z G C : \Imz\ < 
1/2}, which is bounded and continuous on its closure, Vt G R. 

(C n A) The perturbation is constant for t < 0, V(t) = V(0), and then slowly changes 
over a time interval r such that V T (t) = V(s), where s = t/r G [0,1] is the 
rescaled time. We also assume that V(s) is twice differentiable in s G [0, 1] as a 
bounded operator, such that 

R 3 r -> A ir ^V(s)A- ir G M , j = 0, 1, 2 (4.85) 

has an analytic continuation to the strip {z G C : \Imz\ < 1/2}, which is 
bounded and continuous on its closure. This follows if we assume that there 
exists 5 > 0, independent of s and i G {1, • • • , n}, such that 

e-^ 2 dif t (s)eH 2 (5,B) , (4.86) 

the Hardy class of analytic functions, for j = 0, 1, 2. This assumption is needed 
to prove an adiabatic theorem for states close to NESS (chapter 8). 

(C n .5) The perturbation is constant for t < 0, V(t) = V(0), and then slowly changes 
over a time interval r such that V T (t) = V(s), where s = t/r G [0,1] is the 
rescaled time. We also assume that V(s) is twice differentiable in s G [0, 1] as a 
bounded operator. Moreover, we assume that there exists 5 > 0, independent 
of s, i G {1, • • • , n}, such that 

dlUs) e H 2 (5,B) , (4.87) 

the Hardy class of analytic functions, for j = 0, 1, 2. This assumption is needed 
in studying an explicit example of the isothermal theorem (chapter 8). 

(C n .6) The perturbation is periodic with period t* < oo: V(t) = V(t + r*). This 
assumption is needed to investigate cyclic thermodynamic processes (chapter 
9). 
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4.5 Appendix 2 

4.5.1 Selfadjointness of C g and some relative bounds for Model 
A 

Consider the positive operator A = dr(|u|) with domain T>(A) = {ip G 7i : 1 1 A-0 1 1 < 
oo} and the number operator 

N = dr(l) , (4.88) 

with domain V(N) = {ip eH: \\Nij)\\ < oo}. 
Without loss of generality, assume u(k) = k 2 . 

Proposition A2.1 (Some Relative Bounds). 

Let L 2 = L 2 (R x S 2 ), and < j3 < oo be a fixed number. Then the following 
hold. 

(i) If/eL 2 ,then||a(/)7V-V2||<||/|| i2 . 

(ii) If |u|~ 1/2 / G L 2 , then | |a(/)A~ 1/2 | | < || \u\- l ' 2 f\ \ L 2. 

(iii) For ip G V{N 1 / 2 ) and ^ G £>(A 1//2 ) respectively, we have the following bounds, 
uniformly m f3 > (3q: 

\\m\ 2 < C^ll^lKllTVV^f + ^ll 2 ), 

a 

\\m\ 2 < C^||G Q ||(||AV 2 ^|| 2 + |H| 2 ), 

a 

where C < C"(l + Z?^ 1 ), and C is a constant independent of (3,(3q. 

(iv) For ip G V(N 1 ^ 2 ), any c > 0, and uniformly in (3 > (3 , one has 

1(^,^)1 ^ciiiv^ip + l^^ii^ini^ii 2 / (l + z^Oki 2 ^. 

(v) For ^ G ©(A 1 / 2 ), any c > 0, and uniformly in (3 > /3 , one has 

C ^ i M 3 U 



Proof. The proof is standard (see for example [BFS], [JP1,2]). As an illustration, 
we present the proof of (iii). We know that 

\m 2 < J2M\G a \\ 2 {\\a*(g a W + Mg a W) , 
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and using the CCR [a*(f),a(g)] = (f,g), one gets 

\\a*(9a)^\\ 2 = (ip,a(g a )a*(g a )ip) = ||a(^ a )^|| 2 + \\g a \\h ll^f, 
and hence ||/^|| 2 < E a 8||G a || 2 {\\a(g a )^\\ 2 + haWlM 2 )- (i) and (ii) give 

wm 2 < le^iic.iHi^ii^di^/vir+iivir), 

a 

< le^iiGairiiN-^aiiLdi^vir+iHi 2 ). 

a 

We show that ||<?o:||l 2 < C and || | -zx | 1//2 1 1 i, 2 < C, uniformly in (3 > p . Note 
that 1 1 Pa | H2 = J R 3(1 + 2p)\g a (u, cr)\ 2 duda, where we represented g a in the integral in 
spherical coordinates, and u(k) = k 2 . Since we have 1 + 2p = 1 + 2{eP u - l)" 1 < 
l + 2(3- 1 u- 1 < 1 + 2(3q 1 u-\ uniformly in (5 > p , one has the following uniform bound 
in > A,: 

\\9a\\h < 2 / (1 +Po 1 u- 1 )\9M\ 2 cFk = C<oo. (4.89) 
</r 3 

Similarly, || |*u| _1 / 2 <7 a || 2 2 < 2 J R3 (1 + Pu 1 u~ 1 )u~ 1 \g a (u, a)\ 2 d 3 k = C < oo, uniformly 
in P > Po- It is clear from the last two estimates that C satisfies the bound indicated 
in the proposition. □ 

These relative bounds and Nelson's commutator theorem (see [RS2]) yield essential 
selfadjointness of the standard Liouvillian C g . (Essential selfadjointness of C g also 
follows from the GJN Theorem, see Appendix 3, chapter 5.) 

4.5.2 Glued Hilbert Space representation 

Consider a reservoir of non-relativistic bosons (Model Al discussed in section 4.1). 
We want to show that 

F + {L 2 {R 3 , d 3 k)) <g> F + {L 2 {R 3 , d 3 k)) F + {L 2 {R x S 2 , duda)) , 

where S 2 is the unit sphere in three dimensions, da is the element of the solid angle, 
and u = k 2 . 

For bosonic creation/annihilation operators on JF + (L 2 (R 3 , d 3 k)), 
a*(f) ■= J d 3 kf(k)a*(k) J E L 2 (R 3 ,rf 3 A;), 

define the creation/annihilation operators on JF + (L 2 (R 3 , d 3 k)) ® JF + (L 2 (R 3 , d 3 k)) as 

4(f) ■■=a*(f)®l; 
4(f) :=l®a # (7), 
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where • corresponds to complex conjugation. An isomorphism between JF + (L 2 (R 3 , d 3 k))® 
JF + (L 2 (R 3 , d 3 k)) and JF + (L 2 (R 3 , d 3 k) © L 2 (R 3 , d 3 A;)) follows by the identification 

af(/i)"-af(/m)a^ , 

where the RHS acts on J" + (L 2 (R 3 , d 3 £;)©L 2 (R 3 , rf 3 A;)). Now we claim that .F + (L 2 (R 3 , rf 3 A;)( 
L 2 (R 3 , d 3 k)) is isomorphic to JF + (L 2 (Rx S* 2 , duda)). For 0, ^ £ R, consider the map- 
ping 

: L 2 (R 3 , d 3 *;) © L 2 (R 3 , d 3 k) 3 (f,g)^he L 2 (R x S 2 , duda) , 

such that 

This mapping is an isometry, since 

\\h\\L2(RxS 2 ,duda) — \\(fi 9)\\l 2 ®L 2 

? ,i/2 r „i/2 



duda— — \f(u, a)\ + / duda——\g(u,a) 
R+xS 2 2 J-r+xs 2 2 

= / dkdak 2 \f(k,a)\ 2 + / dkdak 2 \g(k,a)\ 2 
Jr+xs 2 Jn.+ xs 2 

— II / II Z, 2 (Ft.3,rf3fe) + II # II L 2 (R3 , 

where we have used the fact that u = k 2 for the non-relativistic reservoir. 

Moreover, the mapping is an isomorphism, since, for given ft £ L 2 (R x 
S" 2 , duda), there exists a mapping '■ h (f,g) & L 2 (R 3 , d 3 k) © L 2 (R 3 , d 3 k), such 
that 

s , ( M '° r ) := i. .11/4 fc(H>g")»^ < • 



Using the Araki- Woods representation, section 4.1, and the mapping (|4.1fij) . one 
may write the interaction term on L 2 (R x S 2 , duda) as given in (|4.25|) . 

Similarly, one may construct of the glued Hilbert space representation for fermionic 
reservoirs, as in Models B and C n , sections 4.3 and 4.4, except that one needs to use 
the Araki- Wyss representation for fermionic reservoirs, section 4.3 (instead of the 
Araki- Woods representation). 

4.5.3 Feshbach map 

Consider a closed operator A acting on a Hilbert space TC, and a bounded (and not 
necessarily orthogonal) projection P on H such that Ran(P) C T>(A). Let P := 1— P, 
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and define 

A P := PAP , 
Ap := PAP . 

We will view Ap as an operator on PH. We will make the following assumptions. 

(Fl) z G p(Ap), where p(A-p) is the resolvent set of Ap (ie, (Ap — zl)~ l exists and 
is bounded). 

(F2) \\P(Ap - z)- x PAP\\ < oo and \\PAP(Ap - z)- x P\\ < oo. 
Define the Feshbach map 

T P , Z (A) ■= (P(A ~ z)P ~ PAP(Ap - zY'PAP)^^ , (4.90) 

provided assumptions (Fl) and (F2) are satisfied. 
Moreover, define 

S P , Z := P -P(Ap- z)~ l PAP . (4.91) 
Since P = (1 + P(Ap - z)- 1 PAP)S P:Z , it follows that 

Ker(S P>z ) = Ker(P). 

The following theorem establishes a very useful property of the Feshbach map, 
which is its isospectrality (see, for example, [BFS,BFSS]). We will use this property 
in discussing the level-shift operator, which is relevant in a rigorous treatment of Fermi 
Golden Rule (for a review, see for example [DF1,2]), and in proving the property of 
RTE in chapter 5. 

Theorem A2.2 (Isospectrality of the Feshbach map) 
Suppose (Fl) and (F2) hold. Then 

z e a # (A) ^ e a # (^ z (A)) , (4.92) 

where cr# = a c or a p (continuous or pure point spectrum). Moreover, the eigenfunc- 
tions of (A — z) and J r p tZ (A) are related by 

Ker((A - z)S P , z ) = Ker(T P , z (A)) , (4.93) 

and 

P Ker(A - z) = Ker(F P>z (A)) . (4.94) 

These imply that 

dim Ker(A — z) = dim Ker(J r Pz (A)) . 
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Proof. 

Using the second resolvent identity and the fact that 

A = A P + Ap + PAP + PAP , 
we have the following identities 

(A - z)S PjZ — Fp, z {A) , (4.95) 

and 

P{A-z)- l P={^ z {A)Y l (4-96) 

on Ran(P), and 

(A - z)- 1 =(J-p, 2 (A))- 1 P - {Tp, z {A))~ l PAP{A-p - z)- x P 

- P{Ap - z)- x PAP{T P , z {A))- 1 + P{A T - z)- 1 ! 5 

+ P(Ap - z)- 1 PAP{T PyZ {A))- l PAP{Ap - z y l P (4.97) 

Now, (gUSl) imply fl03J). Moreover, we claim that and flOnT) imply (ETTI21) . 

If z G p(A) fl p(Ap-), then the LHS of ()4.96|) defines the inverse of J-'p^A), and thus 
G p{F PtZ (A)). Next suppose that 2 G p(Ap) and G p{F P>z {A)). The RHS of (jOTj) 
defines the inverse of (A — z). Therefore, ()4.95j) and (J4.96)) imply ()4.92j) . 

It remains to show ()4.94|) . Let z G a p (A), and ip £ Ker(A — z). Projecting 
(A — z)ip = on Ran(P) and Ran(P) gives 

(A P - z)Pip + PAPip = , (4.98) 

and 

(Ap - z)Pip + PAPip = . (4.99) 
Since z G p(Ap-), it follows from ()4.99j) that 

Tip = -(Ap - z)- x PAPil) . (4.100) 

Substituting (j4.100jl in iJOSjl gives 

Fp, z (A)PtP = . 

Therefore, P Ker(A — z) C i^er(jFp z (y4)). Conversely, if <p = Pip G fTer(^-p^(A)), 
then S P . z <p G iTer(A - z) by lOS|» and (ICT1) . Therefore, 

P(j) = PS PtZ (j) G P Ker(A - z). 

□ 

A further property of the Feshbach map is 

J r Pl o J r p 2 = T p ± p 2 , 

if [P h P 2 ]=0. 
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4.5.4 The Level-Shift Operator (LSO) and Fermi Golden Rule: 
a formal motivation 

In this subsection, we formally discuss the perturbation of the point spectrum of a 
selfadjoint operator A (acting on a Hilbert space 7i) using the Feshbach map, and 
we show how it relates to the so called level-shift operator (LSO) to second order in 
perturbation theory. Specific examples will be dealt with rigorously in chapters 5 and 
6. 

Consider a finitely degenerate eigenvalue A G cr p (A), with corresponding bounded 
projection P. Add a bounded perturbation, gW, to A, 

A 9 = A + gW, 

and assume that PWP = (so that the first nontrivial perturbation of A is second 
order in g). Since the Feshbach map is isospectral (Theorem A2.2), we can use it to 
calculate the perturbation of A. To second order in g, this is related to the level-shift 
operator. 

Consider the Feshbach map 

Tp,x{A 9 ) = P(A 9 - X)P - PA 9 P(A^ - \)- 1 PA 9 P 
= -g 2 PWP(AL- X)' l PWP 
= -g 2 T(\) + 0(g 3 ), 

where f (A)_:= PWP^Ap-X^PWP is the level- shift operator (LSO). Since PWP = 
PW and PWP = WP, it follows that 

f(A) := PW(Ap - \)~ l WP. 

To second order in g, the real part of the shift of A is 

-g 2 Ref(X) = -\g 2 lim PW{{Ap - A + ie)' 1 + (A? - A - ie^WP 

2 e— >0+ 

= -g 2 PWVV{Ap-\)- 1 WP , 

where W stands for the Cauchy principal value. Moreover, the imaginary part of 
the perturbation of A to second order in g is 

-g 2 ImV(X) = -j.g 2 lim PW{{Ap - A + ie)' 1 - (Ap - A - ie)- l }WP 

= -g 2 7vPW5(Ap - X)WP , 

where we have used the fact that lim e ^ x 2 e +fL 2 — S(x). This last term is related to the 
Fermi Golden Rule for quantum resonances. 

To make these arguments rigorous, one uses spectral methods such as complex 
dilatation and RG analysis (see for example [BFS]) or complex translations (see for 
example [JP1,2] and chapter 6). 
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4.5.5 Explicit calculation of LSO 

In this subsection we review some of the consequences of the Fermi Golden Rule 
condition in proving RTE. For further details, see, for example [BFSS,BFS], and 
previous subsection. In Models Al,A2 and B, the Liouvillean of the small system 
£ s = iJ s ® I s - I s ® H s has discrete spectrum <r(£ s ) = {e = E { - Ej =: E^ : 
Ei,Ej G cr(i/ s )}. For each eigenvalue e G <x(£ s ), the (imaginary part of the) level- 
shift operator acting on PcmP(£ s = e) C VP ® 7i s , is 

r(e)=/ m*(w,a)P(£ s ^e)^£ s -e + w)m(w,a), (4.101) 

where 

m(u,<r) = ^{G Q ®1 S ® r^(^ a (u,<T))-l E (8)C E G a C E (8) Tp( e -^ 2 g a (u, a))} . (4.102) 

Without loss of generality, set a = 1, and let G<g>l s = G/, l s <g>G s GG E =G r ,Tp(g) = 
gi,Me-^ 2 g)=g 2 . (The result can be easily generalized to arbitrary a G N.) Note 
that T(e) is a non-negative selfadjoint operator. The Fermi Golden Rule condition 
(assumptions Al.2 and B.2) is used to show the instability of embedded eigenvalues 
away from zero: 

for e ^ 0, 7e := inf a (r(e) \ RanP(C s = e)) > 0, (4.103) 

while T(O) has a simple eigenvalue at zero, with corresponding eigenvector the Gibbs 
state of the small system, f2 E . Physically, this means that the zero eigenvalue of £ 
survives the perturbation, but its degeneracy is lifted: 

7o := inf a (r(0) \ PanP(£ s = 0)P^ > 0. (4.104) 

Here, P Q s is the projection onto Cf2|, and P^ s = 1 — P n s. In the following, we 

consider Models Al,2, but the result holds when the large system consists of free 
fermions (ie, for Model B) ;(see chapter 5). 

Proposition A2.3 

Assume (Al.2), and let r s (e) := P(£ s = e)r(e)P(£ s = e). Then the following 
hold. 

(i) Let e ^ 0. Then there is a non-negative number 5 (independent of ft, g) such 
that 

r E (e)>5 inf (\Eij\ ( dS(u, a) \g(\E l3 \, a)\ 2 ) P(£ s = e) > 0. 

{Eij^O} \ J S 2 J 
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(ii) Ts(0) has a simple eigenvalue at zero, with the Gibbs state as eigenvector: 

i 

where Z T '{f3) = Tr H E(e _/?flS ), and the spectrum of T s (0) has a gap at zero: 
(O,2(? o Z s )na(r E (O))=0. 

Proof. 

For e^O, let 

JV« := {j\E t -E 3 = e}, 

M t [j) := {i\E i -E j = e}, 

M r := Uj A/" r (i) = - Ej = e for some i}, 

Mi := Uj Mi 3) = {i\Ei - Ej = e for some j}. 

Moreover, let Pi denote the rank-one projector onto C<pi, where {<^j}f=o, the eigen- 
vectors of iJ s . For M C N, put 

P^ '■= yj Pj, and P^ '■= if M is empty. 

Let E mn := i? m — £J n , and for e G cr(£ s )\{0}, m e Mi and n G A/" r , let 

5 m := Mafp^GPtfoGPtfr) \P x ( m) ) >0, (4.106) 
5; := inf a (p^ n) GP^GP^ \ P^)) > 0, (4.107) 

where c denotes the complement. If e = 0, then M^ = Mf are empty, and S m ,5' n = 0. 
Let S := mf meAfl {5 m } + mf neAfr {5' n }. From P(£ s = e) = S{ij^y= e } P i® P ji one nas 

T s (e) = (1 - 5E mn , e ) S / ~~ e + m * P ™ n m 

m,n {iJ:.Eij=e} {/c,Z:£ fei =e} 

(4.108) 

We want to get a lower bound on (m, n) £ M xM by summing only over a convenient 
subset of AT x AT. Using (|4.1()2|) . 

Pijin* P mn mP k i 
= P%j {Gig 1 — G r g 2 ) P mn {Gig% — G r g 2 ) Pki 

= PGP m GP k ® PJjJni\gi? - PiGPm <g> P n C^GC^Pi5j n 5 mk g ig2 

-P m GP k <g> PjC*GC*P n 5 im 8 nl g 2gi + P m ® P 3 C^GC^P n C^GC^PA m 5 mk \g 2 \ 2 . 
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Summing over i,j and k, I gives 

^2 ^2 p ij m * P mn'mPki 

{i,j:E l:J =e} {k,l:E kl =e} 

= ^ 1 P A/ .(„ ) GP m ® P n - g 2 P m ® P A/ -( m) C s GC E P n ) • adjoint. 

For (m, n) G A/] x A/" r c , one has P^(«) = and P^w 7^ 0. For (m, n) G A/j 3 x A/", 
Pj^in) 7^ and P^tm) = 0. Sum only over the disjoint union 

(m, n) G A/1 x A/; c U Nf x A/" r . 
After some calculation gives 

r s (e) > jnf (f dSME^^A Pm®C s P Mm) G P^GP^C* 
+ inf ( / dS a) | 2 ) V P^)G P N c GP (n) <g> P n . 



Moreover, 



d% 1)2 (%,a)| 2 >|£y / dS\g{\E l3 \,a)[ 
s 2 Js 2 



uniformly in (3 > 1, and together with (J4.1U6)) . (|4.1U7j) . it gives 

r E (e) > inf ( \Ey\ / rf%(P^a)| 2 ) ( inf {<U + inf R}) P(£ E = e), 

since EmeAT, Pm ® P A/; (ra) = EneM- P a/-/"> ® P ™ = P ( £S )- This P roves (*)■ 

Consider now the case e = 0. An element of RanP(C^) is of the form q 
J2i cm <S> Pi, with N 2 = !> so 

(0, r(O)0) = (1 - 5 Bmn , ) 5^9* / 5 ( p mn + u ) (<Pi ® <P«> m*P mn m(fj <g> v?i) 



The fact that (ip m ,C T 'GC T '(p r ^ = ((p m ,Gip n ), implies 

(0,r(O)0) = ^(l-^ mn , o ) / ^mn + w)!^,^)! 2 ^!-^! 2 , (4.109) 



and hence 



J S(E mn + u)\c n gx - c m g 2 \ 2 
= J ^S(E mn + u) a/1 + pc n g - y/pc m g +5(E mn -u) y/pc n g - a/1 + pc m g j 
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Together with ([4.109)1 . this implies 



i2 e 



(0,r(o)0) = 2 \(fn,G<f m ) l e _ pEmn - i 

{m,n:£; mn <0} 

x \ e -^c n -e-^l 2 c m \ 2 J 5(E mn + u:)\g\ 2 } (4.110) 

where we used 5(i? mn + u;)p = 5(E mn + u)(e~ f3Emn — 1) _1 . Each term in the sum is zero 
if one chooses c„ = Z~ 1/2 e~ pEn / 2 . Furthermore, (nJ,r(0)J]|) = 0. Since T(0) > 0, 
this implies that is a zero eigenvector of T(0). 

We still need to estimate the spectral gap at zero. Equation ()4.110|) imply 

(0,r(O)0> > 2g J2 \e-" E - /2 c n -e-^ 2 c m \ 2 

{m,n:Errm<0} 



g Q J2\e- pEm/2 c n -e-^ 2 c n I 2 



III, 71 



^ (z s (/5) + Z E (/?)-2|^e-^/ 2 c 



where we used |c n | 2 = 1. Therefore, we obtain on RanP^ s : T(0) > 2g Q Z-£(j3). □ 

Remark. As an explicit illustration of the results of the previous Proposition, 
consider Model A2 of a spin impurity interacting with magnons in a magnet. Recall 
that 

# » -niVJS 2 - 4M + — y cfc 2 ^ - yj — J d 3 kQ(k)s+bl + ]s b k ) 

(4.111) 

= H PP + H C + I, (4.112) 
where 

= / rfxj(x)e ifc ^ , 



= -nNJS 2 - s 3 Jo M 
JSV 

1 / s 



H c = ^ / d 3 kk 2 b\b k 



(2tt) 3 V 2N 



^ J d 3 kQ(k)s+bl+]s^b k ) =: J d 3 k(G(k)b*(k) + G(k)b(k)) . 
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Using the Pauli matrices s l ,i = 1, 2, 3, it follows that 

H pp = diag(-nN J S 2 - j M, -nNJS 2 + j M), 

and hence ct(£ s ) = {— 2j M, 0, 2j M}, with double degeneracy at 0. Direct compu- 
tation (although lengthy) gives the following result. 

(1) For e = E 01 = -2j M, 



(^o^rMjoMVo^) = ^^|j(-2 Jo M)| 2 e _^^ i > . (4.113) 
(2) For For e = E w = 2j M, 



(Vi® ^r^oMM ® <Po) = ^^|j(2j M)| 2 e2 f^ i > . (4.114) 
(3) For e = E n = E 00 = 0, 

r <°> = (»,«•»< • < 4 ' U5 > 

where 

_ 47r|Go, 1 (2 Jo M)| 2 v /2p7 

The eigenvalues of T(0) are 

WA .^M0ISTO + *»'') > ., (4 , 16) 
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Chapter 5 



RTE for a small quantum system 
coupled to non-relativistic 
reservoirs: PC method 

In this chapter, we investigate the property of return to equilibrium (RTE) for a class 
of quantum systems composed of a small system with a finite dimensional Hilbert 
space, weakly coupled to an infinitely extended and dispersive heat bath by studying 
the spectrum of the corresponding standard Liouvillean. As discussed in chapter 2, 
this property is part of the zeroth law of thermodynamics. 

In [JP1,2], RTE is proven for a class of spin-boson system (by studying the spec- 
trum of the Liouvillian) using complex deformation techniques (see also [DJ]). The 
proof is not uniform in temperature. A stronger result of RTE, which is uniform 
in temperature, has been shown when a toy atom is coupled to the radiation field 
using the Feshbach map, complex dilatation, and an operator theoretic renormaliza- 
tion group method in [BFS]. This has been revisited again in [FM1] using Mourre's 
positive commutator method [Ml] and a suitable Virial theorem with an explicit zero 
temperature limit. Similar methods have been used to investigate thermal ionization 
in [FM2,FMS] and to prove the stability of Bose-Einstein condensates in [M2]. We 
note that the approach of proving RTE using Liouvillians is based on the insights of 
[HHW] . 

In this chapter, we extend the analysis of [FM1] to proving RTE for a class of 
systems composed of a small system coupled to (free) non-relativistic bosonic and 
fermionic reservoirs under suitable assumptions on the perturbation (particularly, 
the form factors and Fermi golden rule), as discussed in chapter 4, Models Al,A2 and 
B. A physical example of the first model is a spin impurity coupled to (free) magnons 
in a magnet, while an example of the second is a quantum dot coupled to electrons 
in a metal. The three essential elements that enter in our analysis are a concrete 
representation of the free bosonic/fermionic reservoirs (Araki- Woods and Araki-Wyss 
respectively), the positive commutator method with a suitable Virial theorem, and 
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an estimate on the norm of the difference between the KMS-equilibrium states of the 
non- interacting and the interacting systems (Appendix 2). 



5.1 RTE for Models Al,2 

The main result of this section is Theorem 5.2, which claims the property of return 
to equilibrium for quantum mechanical system formed of a small system with a finite 
dimensional Hilbert space coupled to a reservoir of free non-relativistic bosons. We 
refer to Model Al in chapter 4 for relevant details and assumptions. 

Proposition 5.1 

Assume (Al.2) (specified in section 4.1). There is an e > 0, independent of 
P > Po (f° r an Y Po fixed), such that if < e < e then 

m-^—m > r n - c e 1/4 , (5.1) 

x-o + e 

where C is a constant independent of the inverse temperature P, H — P ® Pq , the 
projection onto the kernel of Co, and T is a bounded operator on H = Hp ®Hp 
acting trivially on the last factor, JF + , and leaving KerC-% invariant. Furthermore, 
r restricted to KerCs has zero as a simple eigenvalue, with Gibbs state fig as 
eigenvector, and is strictly positive on the complement of Cflp. There is a constant 
7o > 0, independent of < P < oo, such that 

r o UnP oS > 7o, (5.2) 

Up 

where, P Q s = 1 — P n s and P Q s is the projection onto CO|. 

For a proof of this result (when the sum reduces to a single term and in the limit 
of e — > 0) see Appendix 2, Proposition A2.2, which can be easily generalized. One 
can show that, 





> mm ■ — — ^— / da 



S 2 



^ (<p m , G a ip n ) g a {\E m - E n \,a) 



and 70 in ()5.2j) is obtained by minimizing the RHS over < P < oo. 
Theorem 5.2(RTE1) 

Suppose (Al.l) and (Al.2) (see section 4.1). Then there is a constant g\ > 0, 
independent of P > Po, for any p > fixed, such that, for 

o<i 9 i< J1 {( i+iog < i 1 +/3)r9/2 ^ p :^ < 5 ' 3 > 

[ 1 if p > 1/4 , 
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the kernel of C g is spanned by the interacting KMS vector £lp, g - (The system possesses 
the property of return to equilibrium in the ergodic sense.) 

Remark. The analysis involves estimating \\gI(N + 1)~ 1//2 ||, which depends on (3 
since the interaction / does. As we shall see, one has to be careful in taking the limit 
(3 — > oo in the infra-red singular regime p — 1/4. Moreover, in order to estimate the 
norm of the difference between the interacting and the non-interacting KMS states, 
we need an upper bound on the expectation value of the number operator N in the 
interacting KMS state Qp ig - In a suitable infra-red regime p > 1/4, we expect the 
KMS-equilibrium states of the non-interacting and interacting systems to be close to 
each other for small enough g, which will turn out to be independent of (3 for p > 1/4, 
but which will go to zero in the limit (3 — > oo for p = 1/4. 

Proposition 5.3 

Suppose (Al.l) holds, and let Pn p g and P^ l30 denote the projections onto the 
spans of the interacting and non-interacting KMS states, and fi^o, respectively. 
Then, for any e > there is a gi{e) > 0, which does not depend on (3 > 0, such that 
for 

the following estimate holds, 

\\Pn g , g -Pn J <e. (5.5) 

We discuss first the proof of Theorem 5.2. Define the conjugate operator to be 
Af = dT(id u ), the second quantization of the generator of energy translation, id u , on 
JF + and let 

A = i6g (llIR 2 e - R 2 e m^j , (5.6) 

where n = P <g> P Qf , R e = Hi?,, TT = 1 - n, R t = {C 2 + e 2 )~ 1/2 , and 6, e > are 
parameters to be chosen later. 

Note that A is a bounded operator, and the commutator [Co, A ] extends to a 
bounded operator with 

\\[C g ,A ]\\<c(^ + d -fy (5.7) 

Let iV = rfr(l) be the number operator, and define on its domain T>(N) the 
operator 

B = N + gh+i[C g ,A ], (5.8) 

where 

J i = E ( G « ® lE ® V^Mqc)) - 1 S <8> C S G Q C S ® ^(^e-^ 2 ^^))). (5.9) 



67 



(B corresponds to the quadratic form i[£ g , Af+A ] in the sense of Kato and [C? , Af\ 
N; see [FM2].) Moreover, for any v > 1, let 



= e v{N^) : ii^n = i, \\(N + if^\\ < i/}. 



Theorem 5.4 (Positive commutator estimate) 

Suppose (Al.l) and (Al.2) (see section 4.1). Then there is a choice of the param- 
eters e and 9, and a constant gi(i]) — g\ > 0, independent of v and (3 > /3q, such that, 
for fixed 77 and j3, and 

< Ifll < gi I mm (i+iog(i+/3))0 lf P = X /4 / 5 1Q) 

\ 1 if p > 1/4, 

the following estimate holds, 

P^BP^ g > \g\ 2 ~^-^ l0 P^ g} (5.11) 

in the sense of quadratic forms on RanE^(C g ) fl 03^, where A is any interval around 
the origin such that A fl er(£ s ) = {0}, E&(C g ) is the spectral projection, and where 
7o is given in ()5.2|) . 

We will examine B as a quadratic form on *B V0 C V^N 1 ^ 2 ). For p > 1/4, z/ is 
independent of /3 > /? , while for p = 1/4, u diverges logarithmically for large /?. 

Theorem 5.5 (Regularity of eigenvectors and the Virial Theorem) 

Assume (Al.l) (in section 4.1), and let ipg be an eigenvector of C g . Then there is 
a constant C(p,/3) < 00, not depending on g, such that 

HA^VJ <C(p,/3)\g\W g \\, (5.12) 
and such that for all (3 > /3 (for any /3 > fixed), 

C(p,/5)<c 1 (p)| i ^ >i/4 , (5.13) 

where ci is independent of P > Pq. Furthermore, 

(S)^:=(^ l SV» p > = 0. (5.14) 
Note that the constant C(p,/3) may be expressed as 

H/itiV+l)- 1 / 2 !! <2^||G Q || Rt^)^ =:C(jp,P). 
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We defer the technical proofs to Appendix 3. However, it is instructive at this 
point to understand them at a formal level. Formally expanding the commutator 
gives, 

(iPg, [Cg, Af+ A ]lpg) = Him (Lgljjg, (Af+ Aq)^ g) = 0. (5.15) 

Hence 



> (A% 9 - (gh)^ g > (N)^ - C(p,P)\g\ U 9 \\ ||iV 1/2 ^ 



> n(N)^--C(p,P) 2 g 2 Ug\\ 2 , (5.16) 



which yields the bound (|5.12|) . 

We need to control multiple commutators of C g with Af + A to make the above 
statements rigorous. Particularly, the second and third commutator of I with the 
dilatation generator Af need to be well-defined and relatively iV^-bounded. This is 
satisfied if 

diT/3(g a ) is continuous in u G R for j = 0, 1, 2, and (5-17) 
dir p (g a ) G L 2 (R x S 2 ) for j = 0, 1, 2, 3. (5.18) 

One can verify that ()5.17|) . ()5.18|) follow from (Al.l), section 4.1. Let p and 0o be as 
in assumption (Al.l); then, for p = 3/4,5/4, p > 11/4, we choose = 20 o , while for 
p = 1/4, we take <fi = tt + 20 o - 

The proof Theorem 5.2 (RTE1) follows directly from Theorems 5.4 and 5.5 by 
reductio ad absurdum, since, if for g satisfying ()5.1()j) . with v = uq, there were an 
eigenvector ip g G RanP^^^ orthogonal to then 

= (B)^ g > \g\ 2 -^ ~ 9v/2 lo , (5.19) 

which is a contradiction, since the RHS is strictly positive. For p — 1/4 condition 
fl5.10|) . with v = vq = C[l + log(l + /?)], gives ()5.3j) . independently of r\. 

Regarding Proposition 5.3, the high-temperature result for bounded perturbation 
is relatively simple. For e > 0, 3^(e) > such that, if 

P\g\ < 77(e), (5.20) 

then inequality ()5.4)1 in Proposition 5.3 holds. A proof of this fact can be given by 
using the explicit expression for the perturbed KMS state (chapter 3), and using the 
Dyson series expansion to estimate \\£l/3 jg — ^,o||- Condition ()5.20|) comes from the 
fact that the term of order g n in the Dyson series is given by an integral over an 
n-simplex of size (3. This result is extended to lower temperatures and unbounded 
perturbation by using the decay in (imaginary) time of the field propagators, chess- 
board estimates and the Holder and Peierls-Bogoliubov inequalities (see [Fr6,DJP] 
and Appendices 1 and 3). 



69 



As for Theorem 5.4 (PC Theorem), we want to show that dim KerC g = 1. We 
know that dim KerC g > 1 since flp >g £ KerC g . To prove equality, we want to show 
that 

B + 5P^ g > 7, (5.21) 

for some 5 > 7 > 0. For A C R an interval around the origin not containing any 
non-zero eigenvalue of the £ s , we first prove (|5.21jl in the sense of quadratic forms 
on the spectral subspace of Cq associated with the interval A. Using this, we then 
show that 

Pa^BPa^ > \lPn,, g , (5.22) 

in the sense of quadratic forms on RanE&i(C g ) fl *B U , where E/y{C g ) is the spectral 
projection of C g associated to an interval A', an arbitrary interval properly contained 
in A. 



5.2 RTE for Model B 

We discuss RTE for Model B in chapter 4, section 3, composed of a small quantum 
system coupled to reservoir of non-relativistic fermions by using the PC method 
discussed in the previous section. The result is not uniform in temperature since 
there is a divergence in the derivative of the Fermi-Dirac distribution function at the 
chemical potential when the temperature is zero. For a result which is uniform in 
temperature, one may want to extend the RG analysis developed in [BFS] to this 
case. Since all of the proofs are almost identical to the previous section (and those in 
Appendix 3), we only sketch the main steps. 

Proposition 5.6 

Assume (B.2) (in section 4.3). There is an e > 0, independent of (3 > (3q (for any 
(3q fixed), such that if < e < eo then 

ui-^—m > r n - Ce l '\ (5.23) 

where C is a constant independent of the inverse temperature /3, H = Pq ® Pq, , the 
projection onto the kernel of Co, and r is a bounded operator on H = Hp ®TiP ®J^~, 
acting trivially on the last factor, JF_, and leaving KerCP invariant. Furthermore, 
T restricted to KerCP has zero as a simple eigenvalue, with Gibbs state fig as 
eigenvector, and is strictly positive on the complement of CQp. There is a constant 
70 > 0, independent of < (3 < oo, such that 

To U„p >7o, (5.24) 

Up 

where, P n s = 1 — P n s and P n s is the projection onto CQg. 
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The proof is similar to that of Proposition 5.1. Explicitly, 



\RanP nS 

E m ^E n e -P{E m -E n -u) 



> min _ — / dudad(E m - E n - u) 



^ (Vm,G a ip n ) g a (\u\,a) 



and 70 in ()5.24|) is obtained by minimizing the RHS. 

The main result of this section is the following theorem, which says that Model B 
(with the corresponding assumptions B.l and B.2) possesses the property of return 
to equilibrium. 

Theorem 5.7(RTE2) 

Assume conditions (B.l) and (B.2) hold (see section 4.3). Then there is a constant 
gi > 0, independent of j3 < [3 < Pi, for any p 1 > /3 > fixed such that, for 

0<\g\< gi , (5.25) 

the kernel of C g is spanned by the interacting KMS vector ^/? i9 , and the system has 
the property of return to equilibrium. 

The proof relies on the following three propositions. 



Proposition 5.8 

Suppose (B.l) holds, and let Pq^ and Pq^ denote the projections onto the spans 
of the interacting and non-interacting KMS states, Qp^ and fi/^o; respectively. Then, 
for any e > there is a gi(e) > 0, which does not depend on (3, such that, for 

\g\ < 9i(e) , (5.26) 

the following estimate holds 

\\Pn„ ~ PnJ\ < e. (5.27) 

Since we are only interested in strictly positive temperatures, the proof of this 
statement follows directly from a Dyson series expansion (high-temperature result); 
(see remark after Theorem 5.5). 

Recall N = dT(l) is the number operator, and define on its domain T>(N) the 
operator 

B = N + gI 1 + i[C g ,A \, (5.28) 

where 

h = J2 ( G « ® lE ® V(du9^ a ) - *1 S ® C s G a C s ® (-l) N <p(d u g* a )) . (5.29) 
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Proposition 5.9 (Positive commutator estimate) 

Suppose (B.l) and (B.2) (in section 4.3). Then there is a choice of the parameters 

e and 9, and a constant g\{rf) — g\ > 0, independent of v and (3 G [/3o, such that, 
for fixed rj and f3, and 

< |<?| < 9l (5.30) 

the following estimate holds, 

P^BP^ g > \g\^-9v/2 l0 p n ^ (5 . 31) 

in the sense of quadratic forms on RanE A (C g ) n 03 j,, where A is any interval around 
the origin such that A fl cr(£ s ) = {0}, E A (C g ) is the spectral projection, and where 
7o is given in (|5.24|) . 

Proposition 5.10 (Regularity of eigenvectors and the Virial Theorem) 

Assume (B.l) (in section 4.3), and let i[) g be an eigenvector of C g . Then 

(B)^ := B1>„) = 0, (5.32) 

where -B has been defined in f!5.28|) 

The proof of Theorem 5.7 follows from Propositions 5.9 and 5.10 by contradiction 
(similar to the proof of Theorem 5.3). Moreover, the proof of Propositions 5.9 and 
5.10 is very similar to the proof of Theorems 5.4 and 5.5 (see Appendix 3). 



5.3 Appendix 3 

5.3.1 Proof of Theorem 5.4 

Positive commutator estimate localized with respect to £q. 
Consider the decomposition 

H° A := RanE° A = RanE A H © RanE A U, (5.33) 

where 

n = P ®Pn r (5.34) 

and where E A is the spectral projection of Cq associated with the interval A. First, 
we to prove a lower bound on E A U(B + SPq^ g )UE A . 

(Remark regarding the notation: C will denote a constant independent of g, 6,e,/3> 
/3 > 0, and C(p, (3) will denote a constant independent of g, 9, e, satisfying the bound 
given in (|5.13|) .) We know that 

\\E A Ti[£ g ,A }TiE A \\<C%, (5.35) 
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where II = P <g> Pq + Pn f (and notice that RE A U C RanP^ f ). Hence, 

£^n(E + 5P n/3 JTLE° = E^TLN 1 ' 2 (1 + N-WghN-V 2 ) N^ 2 TlE A 

+E A U (i[C g ,A }+SPnJUE° A 

> ^E A n + Elm[c g ,A ]TlE A 

> ifl-^Wn, (5.36) 



2 V" " e 2 / 

if _ 

||P n/ AT-iV liV -i/2p % || < C (p,p)\g\ < 1/2, (5.37) 

Choosing the parameters such that 

C% < 1/2, (5.38) 

it follows that 

E° A U(B + SPa jTlE o A > ^E° A Tl. (5.39) 

In order to proceed further, we apply the Feshbach map (as was done, for example, 
in [BFS, BFSS]). The so called isospectrality of the Feshbach map is a very useful 
property which is central for our application.* 

Consider the Feshbach map (with the spectral parameter m < 1/8), applied to 

E A (B + 5P Q JE° A (5.40) 
as an operator on the Hilbert space TC A : 

F n , m (E A (B + 5PnjE° A ) = E*u(b + 5P^ g 

-{B + 8P Qg jE A n (B+JP^Z - m)" 1 UE A (B + 6Pn j)llE o A , (5.41) 

(the barred operator is understood to be restricted to the subspace RanE A H C 7i A ). 
Since II Jill = 0, it follows that 

ILBIT = 26g 2 TlIR 2 e m > 0. (5.42) 



First, we want to show that the second term in (|5.41j) is smaller than IIPII 
Using the fact that || (B + SP n ^ g - m)' 1 \\ < 8 for m < § and JEJSJ, \\C R £ \\ < 1 
\\R 2 £ \\ < e~ 2 and Ui[C g , A ]U = 6Xn£ g R 2 e m, it follows that 

8\\E° A TL{gh + i[C g , A ] + SP Q ^ g )Uij\\ 2 
< 166 2 g 2 \\R e mi/j\\ 2 

6 2 g* 



C[5 2 \\UP^n\\ 2 + C(p,/3)g 2 + ^)\m 2 . (5.43) 



"see Appendix 2, chapter 4 for a discussion and proof of the isospectrality of the Feshbach map. 
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It follows that 

(F a>m (E° A (B + 6P Q JE° A )\ 



> 2%-, i -$H)( ni^m) + 5\\P a0 ^f 



,2 / e a „2 



for any ^ G 7i A . Moreover, 

uiR 2 e m > ~ (r - Ce 1/4 ) , 

if e < eo- Choose e and # such that 

< 1/16, e < eo- 

For ^ G i?cmIT, 



since Pqsi/j = Po 0tO ip for ?/> G -Ranll. We choose 



and 



> 7o > -j— 7o =: 7, 

e 4e 



e l/4 

C < 1/4. 

7o 



Now, from Proposition 5.3 , \\Psi p<g - Pn Pi0 \\ < \ if 

g satisfies condition (|5.4j) (with e = 1/4). 
One may use this estimate to find a lower bound for the R.H.S. of ()5.47|) 



^7o(3/4- ||P 0ftf -Pn J\)\m 2 > ^70 



2 



Furthermore, 

||nP % , g n|| 2 = \\U(P^ g - PnjU\\ 2 < \\Pn 0>g - Pn,J 2 
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and with suitable bounds on the parameters e, g, 6, one may choose them such that 

^(^(p,/?) + 5 ! + ^)<7o/4. (5.52) 
Combining all of these estimates, we obtain 

(Fn, m (E° A (B + SPnjEl))^ > ^ 7o ||^|| 2 . (5.53) 
From the isospectrality of the Feshbach map (see [BFSS,BFS]), it follows 

E° A (B + 5P Q JEI > min Q, ^ 7o ) E% = ^7o^- (5.54) 
We will use the above estimate in the following. 

Positive commutator estimate localized with respect to C g 

Denote by < xa < 1 a smooth function with support inside the interval A such 
that Xa(0) = 1, and let x°a = Xa(£o) and xa = Xa(£ 9 ) the operators obtained from 
the spectral theorem. We will show that any vector ip e RanP^^ g H 53^, such that 
XaV* = satisfies 

(B + SPa^ = {B)+ > ^70, (5.55) 

for appropriate bounds on the parameters g, e and 9. One estimate from functional 
calculus that we use is 

II(1-X a)^II = II(xa-X a )^|| < C\g\ \\I(N+l)-^\\ \\(N + lY^\\ 

< Cu\g\, (5.56) 

Decompose (B)^ into three terms, which we will estimate individually: 

(B)* = (xKB + SPaJxl)^ (5-57) 
+ ((1 - X°a)(B + SPn 0)g )(l - Xa)>^ (5-58) 
+2 Re ((1 - xl)(B + SP^Jxl)^ • (5-59) 
Using ()5.54j) and the fact that E^x°a = Xai the ^ TS ^ term is bounded from below 

( X A(B + 5PnJXA)^ > ^7o||Xa^H 2 > ^7o(l - Cv\g\)U\\ 2 - (5.60) 
Since N + o~Pn > is non-negative, the second term is also bounded from below by 

> -|<(1-x a)(^i + ^^,Ao])(1-x°a)>^ 

> -bl ll(i -xaMI l|/i(iv + i)- 1/2 || \\(N + i) 1/ VH 

||(1-X^|| 2 

> _(7^^£ C '(p 1 /3) + M + ^. (5.61) 
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As for the third term, since N commutes (strongly) with Xa an d ^ RanPng g , 
it follows that 



> -5||(i-xM 2 -c(p,/W 



[(1 -&)[£,, . (5.62) 



Moreover, (1 — x°a)^ — and ||(1 — Xa)^--o 1 II — C , and hence the last term can be 
estimated by 

((i-x1)[£ 9 ,a ]xa\ 



o\g\ 



(l - x\){gmiR 2 e - c g Rtm + gR z e mi)x A 



7=r2 



7^2 - 



<CvO\g\[^ + \g\ 



Cv-±- ( M + e 
e V e 



Substituting back, 

^7o f (1 - C%l) - — (Ac(v, P) + v\g\ + v 9 -+ l ^ + 
4e V 7o V e e 

To arrive at inequality (5.55), choose the parameters such that 

Cu\g\< 1/4 and — (u^C(p, 0) + u\g\ + v 9 - + M + e) < 1/4. 

7o V e e / 

Indeed, 

(I537D . flEHBD, (jiriHji . (jSHD, fl5~p , flESH, (EH, (EH51) 

can be simultaneously satisfied: If we set 

g = »- 9/2 g', 

e = is~ 3 \g'\ e , some < e < 1, 

9 = \g'\\ some < t < e < 1 such that t > 3e - 2, 

o = 7o, 

e 

there is a g\ > 0, depending on e, i, but not on v, (5 > /3 , such that if 

< M < 9l min (C(p, /3)" 1 , ^~ 9/2 C(p, (3)-^) , 
where 77 = e — i > 0, then conditions ()5.66|) are satisfied. 



(5.63) 



(5.64) 



(5.65) 

(5.66) 

(5.67) 
(5.68) 
(5.69) 

(5.70) 
(5.71) 
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5.3.2 Proof of Proposition 5.3 

First, we use the fact that the trace-norm majorizes the operator-norm, 

< 2(n^,p^ 9 ) + 2(n^,p nf n^ g ), (5.72) 

since 1 — Pq^ < P Q s + Pn f ■ (Recall is the vector corresponding to the Gibbs 
state of £ at inverse temperature j3 , and flf is the vacuum vector in We know 
that 

(fi As ,P n O Afl ) < \\N^ 2 Q P J 2 < c(p,(3) 2 \g\ 2 , (5.73) 
where c(p,/3) satisfies (|5.13j) . There is a /?i(e) > /3 such that if (3 > Pi(e) then 

ll*ns-*WJ <e/2, (5.74) 

where ip is the groundstate eigenvector of if s and P^,®^ 6 Bill? (g> Hp) is the 
projection onto the span of <^ <£> y?o- Hence 

\\Pn,, g ~ PnJ\ 2 < 2({lp, g ,P mo ^ g ) + e + 2c(p,(3) 2 \g\ 2 , (5.75) 

for p > ft(e). Let _ 

Q = P VQ E B(H*) (5.76) 

be the projection onto the orthogonal complement of the groundstate subspace of H^" 
so that 

Pro*** < Q ® 1 S + 1 S ® Q- (5.77) 
Since Q <g> I s Qp t9 ) = (Q p>g , 1 E <g> Q fy^) = oj 0>g (Q), 

\\Pn g>g -Pa g J 2 < A^ g (Q)+e + 2c(p,(3) 2 \g\ 2 , (5.78) 

for p > Pi{e). 

We claim that for any e > there exist /^(e) > and (71(e) > such that if 
(3 > P%{e) and \g\ < (71(e) then 

cop, g {Q)<e. (5.79) 
The proof is given in a while. For now, we use (|5.79|) to prove Proposition 5.3. Set 

/3 3 (e) := max(A(e),/5 2 (e)), 

g' (e) := min ((71(e), c(p, /3)" 1 V?2, 77(e) /&(e)) , (5.80) 

When p > 1/4, c(p, j3) has an upper bound which is uniform in /3 > @ , and we take 
(7o( e ) to be the RHS of (|5.8Uj) with c(p, 0) replaced by this upper bound. For p — 1/4 
we can find a <7o(e), independent of (3 > 0, satisfying (1 + log(l + /3)) _1 (7o(e) < <?o( e )- 
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Estimate (IHTHJ) and (157731) give 

||P % , fl -P % ,J 2 <6e, (5.81) 

for (3 > /3 3 (e). If /3 < /? 3 (e) then /3|A| < 77(e), and (l5~2Tf) follows from the high- 
temperature result mentioned above. This completes the proof of the theorem, given 
our claim (|5.79J) . 

We now turn to proving claim ()5.79j) . Without loss of generality, we work with a 
finite volume approximation 



Tr {e~ pH 



= Tre-W ' ' (5 - 82) 

of the KMS state wp g , where A = [-L/2, L/2} 3 C R 3 . The trace is taken over the 
Hilbert space VP <g> J" + (L 2 (A, d?x)). For n = (n 1 , n 2 , n 3 ) G Z 3 , let 

= L-^-l\ E A = (^|n|) 2 = (^) 2 K + A + n 2 ) (5.83) 

denote the eigenvectors and eigenvalues of the operator —A on L 2 (A, d 3 x) with peri- 
odic boundary conditions at OA. We identify the basis {e^} of L 2 (A 3 ,<i 3 a;) with the 
canonical basis of Z 2 (Z 3 ), and define the finite- volume Hamiltonian by 

H A = H^ + H A + Xv A , (5.84) 
v A = (5-85) 

a 

where g A G / 2 (Z 3 ) is given by 



and the operator 

acting on JF + (Z 2 (Z 3 )), is the second quantization of the one-particle Hamiltonian 



Hf = dT(hj), (5.87) 



On the complement of the zero-mode subspace h A equals —A with periodic boundary 
conditions. The thermodynamic limit isn't affected by changing the action of h A on 

finitely many modes assuming e~ l3H f is trace-class. Similarly, we may modify the 
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definition of g£ on finitely many modes without altering the thermodynamic limit. 
The existence of the thermodynamic limit, 



\imul g {A)=u p , g {A), (5.89) 

can be proven by expanding e~^ H a into a Dyson (perturbation) series and using 

Tr (e-^V 



has the expected thermodynamic limit for quasi-local observables A. 



(5.90) 



We want to show that (Q) < e, for Q given in (|5.7fi|) . provided (3 and g satisfy 
the conditions given in our claim (|5.79|) . uniformly in the size of A. We use the Holder 
and Peierls-Bogoliubov inequalities. The Holder inequality (for traces) reads 



< Y[\\Aj\ 



(5.91) 



where 1 < pj < oo, YljPj = 1> an d ^he norms are 
\\A\\ P = (Tr\A\ p ) 1/p , for p < oo, and {{A^ = 
The Peierls-Bogoliubov inequality says that 

Tr (e A+B ) 



(operator norm) 



which implies that 



since, by (JEBHJ), uj^ (v a ) 



Tre B 

Tre~ pH o 
Tre~^^^ 



> exp [Tr (Ae B ) /T re 



< e /3|9<o(" A )l 



(5.92) 



(5.93) 



(5.94) 



0. 



Using the Holder inequality, 

Tr (e-^- 2T ^ e - TH oQe- TH ^ 



Tre~P H 



< 



Tr 



-tH a 

e a 



Qe 



-tHL 



Tre~P H : 



•2t_ 

8 



Tr { ( Qe~ik H 9 Q 



2M 



Tre~P H : 



(5.95) 



79 



where we are choosing r s.t. 



£ 

2r 



2M, for some Mel 



Setting 



v A (t) = e~ tH o v A e tH ° 
and using the Dyson series expansion one gets 

Q e ~4s H s Q = A + B, 

where the self adjoint operators A and B are given by 

A = Qe~^ H °Q 



(5.96) 
(5.97) 

(5.98) 
(5.99) 



n>l J ° 



Qv 9 {t n )---v A {t 1 )e-^ H °Q dh---dt n . (5.100) 



0<t„<...<tl<7 



Substituting ()5.98|) into ()5.95|) . and using the Holder inequality, 



< 9 (Q) < 



Tr (\A\ 2M ) 
Trc~^^^ 



+ 



Tr{\B\ 2M ) 

Tr€~^^^ 



(5.101) 



Consider first the first term of (jSHHU)- Let A = E\ — E > 0, the spectral gap of 
# E . Then 



Tr (\A\ 2M ) Tr w E (Q e ~ 



■I3H 1 



Tre 



e ~ pi - E ^~ Eo) 



d-l 



3=1 



-PA 



e-^dx = 2- 

Et-Eo P 



(5.102) 



Taking into account (|5.94|) and (|5.96j) . we obtain, for (3 > 1, 

~ Tr (\A\ 2M ) 



< 2e 



-2rA 



(5.103) 



To make the RHS small, take r ^> A 1 

Consider now the second term on the RHS of ()5.101|) . From ()5.94j) . 



Tr (|-B| 2M ) a ( c mk\ r|2m\ _ , ,a ( o mk r2aA 



Expanding, 



e^B 2M = T ( k iT--' k 

fcl,...,fc 2 M>l 



2M 



(5.104) 
(5.105) 
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where 



T(k 



1, . . . , &2Mj 



X / (It, 



(2) 



'0 

/3 



2]U 



(1) 



,(1) 

ttr A:i 





2M 



dt (2) 

Ql k 2 



dt\ 



(2M) 



,(2M) 



Xe^QV^O • • • A4 1} )<3 QA© • • -^ A (4 2) )Q x • • • 

•••xg, A (C ) )--- A (4 2M) )Qe-^. 

The time variables in the integrand are ordered, 

o <<£><••• < 4" < C> < • < 4 2M) < /?. 



(5.106) 



(5.107) 



We want to estimate an upper bound on \up (T(ki, . . . , k 2 M))\, sharp enough so that 



1^0^,...,^)) | 

fci te*r>l 

converges, and to estimate the value of the series. The expectation value of the 



(5.108) 



integrand in the state u^ — ujg <g) cj^' A (see ([5.90]) ) splits into a sum over products 



£ a,|(QG 4 „(4 1 1 ) )---G ar ,(i< 2 " , )0 



where 



w /,A / A /.(1)n A /,(2M), 

\ &l i 



G a (t) 



e- tHS G a e tHS 



Using the Holder inequality ()5.91|) . 



^(QG aW (t^)---G a , 2M) (tr')Q 



(2M)^ 



2Af 
3=1 



CO 



,(J) I 
■hi 



(5.109) 



(5.110) 
(5.111) 



(5.112) 



Since ujp A is a quasi-free state we can estimate the second factor in ()5.109|) with the 
help of Wick's theorem: 



CO 



V {l,r)eV 



(5.113) 
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where the sum extends over all contraction schemes, i.e., decompositions of {1, ... , 2N} 
into N disjoint, ordered pairs (l,r), I < r. Applying the latter equation to 



(5.114) 



one finds that all resulting terms can be organized in graphs Q, constructed in the 
following way. (This can be done by partition the circle of circumference (3 into 2M 
segments parametrized by the arc length Aj = [(j — 1)^, jSj], j = 1 2M. 



2M ' J 2M i ' 

Putting kj "dots" into the interval Aj, each dot representing a time variable G Aj 
(increasing times are ordered according to increasing arc length). Pick any arbitrary 
dot in any interval and pair it with an arbitrary different dot in any interval. Then 
pick any unpaired dot (i.e., one not yet paired up) and pair it with any other unpaired 
dot. Continue this procedure until all dots in all intervals are paired. The graph Q 
associated to such a pairing consists of all pairs - including multiplicity - of intervals 
(A, A') with the property that some dot in A is paired with some dot in A'. "Including 
multiplicity" means that if, say, three dots of A are paired with three dots in A', we 
understand that Q contains the pair (A, A') three times.) Denote the class of all 
pairings V leading to a given graph Q is by Cg, and let 



(l,r)eV 



(5.115) 



denote the contribution to ()5.11Hj) corresponding to the pairing V . 
corresponding to a graph Q is given by 



The value \Q\ 



vec g 



It follows from (I5.11r5|) . (15.1151) and (15. 11 till that 



(5.116) 



<Eiei- 

Q 



(5.117) 



In order to give an upper bound on the RHS of (|5.117j) . one needs to estimate the 
imaginary-time propagators (two-point functions) 



a e' f 



A 



q" \ + / a A e -(tr-h)h) 

e f3hj _ ^at I + \ ^(' e 



e f — 1 



9a r 



(5.118) 
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where the g£, r G Z 2 (Z 3 ) are given in (|5.86p . and where t\ G A/, t r G A r s.t. < U < 
t r < (3. Hence" the RHS of (pTTT^jl is 



2 \ ^ 

~/~) Yl [9oc r {^n/L)g ai {2'Kn/L)e 



n^(0,0,0) 



+g ai (27rn/L)g Qr (27rn/L)e 



(/3+t ; -t r )£; A 



_ 1 



+ (^) [ e -03+tl-tr) +e -(*r-tO] 



=/3 



eP-\' 

In the thermodynamic limit L —>■ oo, the sum in (j5.119|) converges to 



d 6 k 



R3 



For arbitrary Aj, A r and ^ G A/, £ r G A r , 

f o, 



|t,-t r | > d_(Aj,A r ) :-- 



if / = r 



2M 1 \l — r\ - 1, if Z ^ r 



and 



Define 







- |*i - tr| > d + (A u A r ):=f3-^(\l-r\ + 1) 



d(A, A) := min(d_(A, A), d+(A, A)). 
It follows from (|5.118|) and (|5.12(J|) . and for L large enough, 

J/ (e- , ' H ?<p(gi)e<'»h-''»h(gi)e'' H ? 



-d(A l: Ar)k 2 



1/2 



Given any two intervals A, A', let 



9ar ' 



r d(A h Ar)k 2 

1 - e-^ 2 



1/2 



C(A, A) := 4 max / g 



e -d(A,A')*= 2 



(5.119) 



(5.120) 

(5.121) 

(5.122) 
(5.123) 



(5.124) 



(5.125) 



For L > C, where C is some constant, ()5.125j) is a volume-independent upper bound 
on the (finite-volume) two-point functions arising from contractions in the graph 
expansion. We are now ready to give an upper bound on the RHS of (|5.117|) . Start 
the procedure of pairing dots in the interval with the highest order k. Let 7r be a 
permutation of 2M objects, such that 



> K(2) > ■ ■ ■ > K(2M)- 



(5.126) 
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There are k^m) possibilities of pairing the dot with some dot in an interval 

h 

A.(»(i)). We associate to each such pairing the value 

k^w) C(A 7r (i), A^(i))) < y/kj^W) C(A 7r (i), A^(i))), (5.127) 

where we use (15. 12611 . Next, we pair the dot labelled by ^ with a dot in A.(,r(i» 
and associate to this pairing the value 

\J K(l) yJ k i£W) C( A 7r(l), (5.128) 

We continue this procedure until all dots are paired. This gives 

2M 

Ei^n^) fej/2 E n c( a > a ')- (5.129) 

9 j=l 5 (A,A')eg 

Using that 

\g a (k)\ <C\k\ 2p , (5.130) 

for some constant C, and for all a, provided \k\ is small enough and p > —1/4, it 
follows that 

C(A ' A) - C \ 1//3+1, d(A,A') = (5 ' 131) 
Moreover, using (15.12311 and (15. 14411 . 

yC(A,A')<r:=C|l + 4 + P 1 |<oo, (5.132) 

V V ^ P+ 1/4 \2MJ J 

provided p > —1/4. Hence, 

] ] C(A,A') < r fcl+ - +fc2M . (5.133) 
e (A,A')e6 

Now carry out the integral over the simplex in (|5.1U6|) . and using (|5.1(J9j) . (|5.112|) . 

dHUZD, lEHm (EEBD, 



\^ (T(k u ...,k 2M ))\ < [C'\g\r^\ II Hu' ( 5 - 134 ) 



where C = ||(ja||, and where the factor (om) ^Vi is the volume of the simplex 

2M - 



{t <t k , < ■■■ <t x <t + 2^}. Therefore, (ETTflHI) converges for all values of g and 



/3 > 0, and 

U (e? H °B 2M )} ™ < C^ir^-F f C^lrAV ( fc + ^"f . (5.135) 
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From 1)5. 115. KM) . (I5.1()4|) . (|5.139j) . lET3fl|) . one obtauns, for L is large enough 



'As 



(g)<2e-^ A + C / |^|rr^(C"|^|rr) 



fc (fe+lg 

(fc + l)! 



(5.136) 



Choose /3 2 (e) > 1 such that e~ & W A < e/2, and for /3 > (3 2 (e), choose r = 
#a(e)/2 < 0/2. From the definition of T, (15. 14211 . and the relation ^ = 2r, see 
(j5.96jl . one obtains Tr < C(e), uniformly in /3 > /3 2 (e). Therefore 3<7i(e) > such 
that if |g| < g"i(e) then the second term on the RHS of (|5.14()j) < e/2. This proves 
our claim (J5.79j) .D 

5.3.3 The Virial Theorem 

In this section, we state two Virial theorems proven in [FM2,FMS]. Since the Theo- 
rems are applied without any alteration or extension, we just sketch the main steps 
of their proof. 

We start by discussing the Glimm-J affe-N elson condition. Consider a Hilbert 
space Ti, a selfadjoint operator Y > 1 with core DcD, and X a symmetric operator 
on T>. The triple (X,Y,T>) satisfies the GJN (Glimm-J affe-N elson) Condition, or 
(X, Y, V) is a GJN -triple, if there is a constant k < oo, such that, for all tj) e V: 



for some fci, k 2 < oo. 

Theorem A3.1 (GJN commutator theorem) 

If (X, Y, T>) satisfies the GJN Condition, then X determines a selfadjoint operator 
(again denoted by X), such that T>(X) D T>{Y). Moreover, X is essentially selfadjoint 
on any core for Y, and (|5.137j) is valid for all ip G T>{Y). 

Suppose one is given a selfadjoint operator A > 1 with core T> czTC, and operators 
L, A, N, D, C n , n = 0, 1, 2, 3, all symmetric on V, and satisfying 



iwii < mn 

±i {(Xip,Yip) — (Yif),Xi[))} < k(ip,Yip). 



(5.137) 
(5.138) 



Since Y > 1, inequality ()5.137j) is equivalent to 



(tp,Di>) 
Co 

(<p, C n ip) 



i{(Lp,Ni>)-(Ny>,Li>)} 



i {(C n _ lV , A^j) - (A<p, C n _!^)} , n = 1, 2, 3, 



L 



(5.139) 



(5.140) 



where ip,tp ET>. Assume that 
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• (X, A, T>) satisfies the GJN Condition, for X = L, N, D,C n . Consequently, all 
these operators determine selfadjoint operators, which we denote by the same 
letters. 

• A is selfadjoint, T> C T>(A), and e %tA leaves P(A) invariant. 

Remark. From the invariance condition e itA V(A) C D(A), it follows that for some 
< k, k' < oo, and all if) G D(A), 

||Ae itA ^|| < A;e fc ' l * l ||A^||. (5.141) 

(A proof can be found in [ABG], Propositions 3.2.2 and 3.2.5.) 

Theorem A3. 2 (First Virial Theorem) 

Assume that, in addition to ()5.139j) . (|5.14()jl . we have, in the sense of Kato on V, 

D < kN l/2 , (5.142) 
e itA Cie -itA < ke k ' w N p , someO<p<oo, (5.143) 
e itA C 3 e~ itA < ke k ' w N 1/2 } (5.144) 

for some < k, k' < oo, and all t G R. Let ip be an eigenvector of L. Then there is a 
one-parameter family {ip a } C T>(L) D P(Ci), s.t. ^ a — > ^, a — > 0, and 

lim (ip a , CiV>«) = 0. (5.145) 

Remark. Formally, Ci is the commutator i[L, A] = i(LA — AL), and (|5. 145)1 as 
A]^) = 0, which is a standard way of stating the virial theorem, see also 
[ABG], and [GG]. 

The result of Theorem A3. 2 is still valid if we add to the operator A a suitably 
small perturbation A : 

Theorem A3. 3 (Second Virial Theorem) 

Suppose that we are in the situation of Theorem A3. 2 and that Ao is a bounded 
operator on Tt such that RanA Q C T>(L) D RanP(N < no), for some n < oo. Then 
i[L, Ao] = «(£A — A L) is well defined in the strong sense on T>(L), and we have, for 
the same family of approximating eigenvectors as in Theorem A3. 2 

lim (ip a , (d + i[L, Ao])ip a ) = 0. (5.146) 
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Theorem A3. 4 (Regularity of eig en functions) 

Suppose C is a symmetric operator on a domain T>(C) such that, in the sense of 
quadratic forms on T>(C), we have that C > V — B, where V > is a selfadjoint 
operator, and B is a bounded (everywhere defined) operator. Let ip a be a family of 
vectors in T>(C), with ip a —> ij), as a — > 0, and s.t. 

lim(^,C^ Q ) = 0. (5.147) 
Then > 0, tp G ©(P 1 / 2 ), and 

||P 1/2 Vll < (4>,Bi>) 1/2 . (5.148) 



Concrete setting of Virial Theorem 

The Hilbert space is the GNS representation H = H 11 ®TF <g) JF + (L 2 (R x S 2 )). Let 

£> = C °° ® C °° ® £>/, (5.149) 

where 

and JF denotes the finite-particle subspace of Fock space. The operator A is given by 

A = A s <g> I s + I s <g> A s + A / , (5.150) 
A s = # S P + (# S ) + I s , (5.151) 
A / = dr(w 2 + l) + l / , (5.152) 

P + (H J: ) is the projection onto the spectral interval R + of H^ 1 . A is essentially self- 
adjoint on T>, and A > 1. The operator L is the interacting Liouvillian C g , and 

JV = dr(l) (5.153) 

is the particle number operator in JF + = JF + (L 2 (R x S 2 )). X = L,N are symmetric 
operators on V, and the symmetric operator D on V is given by 

D = |E{ G « 8lS8 (- fl, ^w) +fl Wj«))) 

-I s ® C s G a C s ® (- a *(e-^/ 2 T^(^)) + a(e-^ 2 r /3 (^))) }. (5.154) 
The operator A is identified by A? = and A is given by i9g(UIR e -RJU), as before. 
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Some functional analysis 

In this section, we collect some results which are useful in the previous analysis, 
particularly the first two theorems, whose proof can be found in [Fro]. 

Theorem A3. 5 (Invariance of domain, [Fro]) 

Suppose (X, Y, V) satisfies the GJN Condition, (|5.137|) . (|5.138|) . Then the unitary 
group, e ltx , generated by the selfadjoint operator X leaves V(Y) invariant, and 

\\Ye itx ^\\ < e fc|i| ||y^ll, (5.155) 

for some k > 0, and all ip £ T^(X)- 
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Theorem A3. 6 (Commutator expansion, [Fro]) 

Suppose V is a core for the selfadjoint operator Y > 1. Let X, Z, ad^\z) be 
symmetric operators on £>, where 

ad<?(Z) = Z, 

for all ip G X>, n = 1,...,M. We suppose that the triples (ad^(Z), Y, V), n = 
0,1,..., M, satisfy the GJN Condition ((HUSH) , Ijft.lSHjl . and that X is selfadjoint, 
with X> C X>(X), e** x leaves T>(Y) invariant, and (|5.155j) holds. Then 

n=l n ' 

- dh - - I dt M e itMX &d { x\z)e- itMX , (5.156) 
Jo io 

as operators on P(Y). 

Two corollaries follows from ()5.155j) . 

Corollary A3. 7 

Suppose that the unitary group e ltx leaves T>(Y) invariant, for some operator 
Y, and that estimate ()5.155|) holds. For a function % on R with Fourier transform 
X G L 1 (R), we define x(X) = j-^xi. 3 )^^ ds. If x has compact support, then xOQ 
leaves V(Y) invariant, and, for ip G T>(Y), 

\\Y X m\\ <e kR \\x\\mn) \\Y4l (5.157) 
for any R such that supp£ C [-R, R}. 
Corollary A3. 8 

Suppose (X, Y, V) satisfies the GJN Condition, and so do the triples (ad^ (Y), Y, V), 
for n — 1, . . . , M, and for some M > 1. Moreover, assume that, in the sense of Kato 
on D(Y), ±ad^(y) < kX, for some k > 0. For X C^(R), a smooth function 
with compact support, define xPO = / x( s ) e \ where X is the Fourier transform 
of x- Then xPO leaves P(Y) invariant. 

Lemma A3. 9 

Let x e Co°(R), X = F 2 > 0. Suppose (X,Y,Z>) satisfies the GJN condition. 
Suppose F(X) leaves T>(Y) invariant. Let Z be a symmetric operator on T> such 
that, for some M > 1, and n = 0, 1, . . . , M, the triples (ad^ (Z) , Y, X>) satisfy the 
GJN condition. Moreover, assume that the multiple commutators, for n — 1, . . . , M, 
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are relatively X 2p -bounded in the sense of Kato on T>, for some p > 0. In other words, 
there is some k < oo, s.t. Wip G V, 

\\^\z)^\\ < k + \\X 2 ^\\) , n=l,...,M. 

Then the commutator [x(X), Z] = x{X)Z — Zx(X) is well defined on V and extends 
to a bounded operator. 

Lemma A3. 10 

Suppose (X,Y,T>) is a GJN triple. Then the resolvent (X — z)^ 1 leaves T>(Y) 
invariant, for all z G {C : \Imz\ > k}, for some k > 0. 



Proof of the Virial Theorems and regularity of eigenfunctions 

Let gi G Co°((— 1, 1)) be a real valued function, such that <?i(0) = 1, and g = g\ G 
Cq°((— 1,1)), g(0) = 1. Choose a real valued function / on R with the properties 
that /(0) = 1 and / G C£°(R) (Fourier transform). Let 

h(x) = [ X f(y)dy, 

so that f[(x) = f 2 (x). Note that /i has compact support, and is smooth except at 

s = 0, where it behaves like s _1 ; /-J™" 1 = (is) n fi G C£°, for n > 1. Let a, z/ > be two 
parameters and define 



01,1/ 


= 9i(vN) = 


[ Usy^ds, 
Jr. 




= 9 2 i,u 




fa 


= f(aA) = 


[ f(s)e tsaA ds, 

> R 



For 7] > 0, define 

/i, a = - f dsU s y saA = UIJ. 

a iR\(-i, fl ) 

leaves T>(A) invariant, and ||/i a || < k/a, where k is a constant 
Suppose ip is an eigenfunction of L with eigenvalue e. tp = (L + i)~V> f° r some 
(p E H. Let {y?„} C ©(A) be a sequence of vectors converging to (p. Then 

•0 n := (L + i)~Vn — > ip, n — > oo, (5.158) 

and, ^ G 22(A). Assume that k = 1. We know that / a leaves P(A) invariant, and 
leaves X'(A) invariant (A commutes with N in the strong sense on T>). Hence, the 
regularized eigenfunction 

1pa,v,n 
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satisfies ip a ,u,n £ "^(A), i> a ,u,n — y "0> as a i v ~" > 0, n — > oo. 
We claim 

W.aCi-^^fci^+oCn)), (5.159) 
where is some constant independent of rj, a, u, n. This follows from 

\\{L-e)g v ^ n \\ <k(^ + o(n)), (5.160) 

which is proven as follows. 

(L-e)g v ijj n = g u (L-e)ip n (5.161) 
+gi,u[L, gi >v ]tp n (5.162) 
+[L,g 1)V \g 1)V ^ n , (5.163) 

and the RHS of (j5.161j) is o(n). Both ()5.162j) and ()5.163|) are bounded above by ky/u, 
uniformly in n. The commutator expansion of Theorem gives 

gi, v [L,9i,u] =v I ds gitfe™* f d Sl e~^ N 9l , u De^ N , (5.164) 
Jn Jo 

as operators on T>(A). We use that g\ )V commutes with e lsvN . From ()5.142jh G T>(A), 
||sV-De 1 0|| = sup ^ L -||— J: '- L 

•p£T>,tp^0 \\<P\\ 

\\DgiM WW , , II^V^II iuii ^ 1 lun 

< sup — < fc sup — ||0|| < k—=\<\>\, 

ip&T>,ip^0 \\<P\\ f&V^O \\<f\\ \JV 

and hence, 

\\gi,„[L,giM\ < u [ d8\gi(s)\ [ ds x \\g l)V De is ^ N cj)\\ 

Jn Jo 

< ky/D I tZs|s&(s)| ||0||. (5.165) 
Jr 

Similarly for ()5.163|) .This establishes (|5.160p . 

Since jj a leaves T>(A) invariant, [fi a , L] is defined (in the strong sense) on P(A), 
and the commutator theorem gives 



lfZ*,L] 

= [ dsUsY^lsCr + a-C^) 
Jr\(-v,v) V 1 J 



'R\(-»W7) 



+a J / dsh(s)e lsaA / dsi / cfe 2 / ds 3 e~ ts ' iaA C 3 e 



(5.166) 
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For n > 1, 



f[ n \aA)= I ds(is) n Us)e lsaA = \ ds{ts) n h{s)e' saA - 7^, n , 



'R JR\(-r, )J3 ) 

where 

?V = - {is) n h(s)e isaA 
J-n 

satisfies TZ Vjn = (TZ v>n )*, and HT^nll < k n rj, with a constant fc n that does not depend 
on a, 77. From ()5.166j) 

01 

[fl a ,L] = - j (/;m) + ^, 1 )c 1 --(/;v) + ^)c 2 

W [ dsh{s)e isaA f dsi I'dsi I" ds 3 e -i^c 3 e iS3aA . 
J~R\{-Ti,ri) Jo Jo Jo 

(5.167) 



Moreover, 

-ifa [ dsf(s)e isaA 



-ifaCif a - af a f' a C 2 



asC 2 + a 2 ds 1 ^ 1 ds 2 e- lS2aA C 3 e tS2aA ^j 



-ia 2 f a [ dsf(s)e isaA [ ds x [ * ds 2 e~ lS2aA C 3 e lS2aA , (5.168) 
Jr. Jo Jo 

where f a = f'(aA). Since f a f a = \(f 2 )\aA) = \f{{aA), one has from ff5~To7jl . 

[/^L] = -if a C 1 f a -af?(aA)C 2 -iK v , 1 C 1 --K ri , 2 C 2 

+a 2 [ dsh(s)e isaA [ d Sl [ 1 ds 2 f 2 ds 3 e -^^C 3 e iszaA 

Jn\(-ri,ri) Jo Jo Jo 

-ia 2 f a [ dsf(s)e lsaA [ dsi / 1 ds 2 e- iS2aA C 3 e iS2aA . (5.169) 
Jr Jo Jo 

Using ()5.144j) . one obtains 



,.2 



-Re i- (n v , 2 C 2 ) gviJn + 0-=. (5.170) 



Note that 

-Re{iaf'{aA)C 2 ) g ^ n = -- (i[f> (aA), C 2 \) ^ 

lip /* s \ 2 

" ' ' 17i t c\J saA I Ac. -is%aAr<_ isiaA\ — n 



ds f"(s)e lsaA d Sl e~ lSiaA C 3 e lSiaA ) = O- 
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where f!5.144|) has been used again. Similarly, 



Re i- (K v , 2 C 2 ) g ^ n 



and 



(K,iCi) 



O 



up' 



< k 



\fv + o{n) a 2 Tj 



(|5.17t)|) and (|5.159|) imply 

(Ci>^ 

By taking the limit n — > oo in ()5.171|) 

For example, choose v = a 3 , r\ = a 3p+s , for any 5 > 0, then 



<*|^+» +JL|. 

a \ v up 



lim(^ 3 =0. 

This proves Theorem A3. 2. To show Theorem A3. 3, it is sufficient to 



lim (Tp a ,i[L,A ]ip a ) = 0, 



where ip a = i\) a v\v=oc>- Moreover, 



\(i) a ,i[L,A )i) a )\ < 2\((L-e)ij a ,A ij a )\ 

< 2\\P(N < no)(L - e)Vg| \\A ^ o 



We have 



P(N <n )(L-e)^ o 



lim P(N < no) [L, fc\g v ^ n 

n—>oo 

+ lim P{N <n )f a [L,g u )ip r , 



(5.171) 



(5.172) 
(5.173) 



Note that \\P(N < n )[L, f a ]g v ip n \\ < k no a and \\P(N < n )f a [L, g v ]ijj n \\ < k^D. It 
follows that \\P(N < n )(L — e)ip a \\ < k no a. 

We still need to prove the regularity of the eigenf unctions. Using the inequality 
C > V — B, the continuity of B, and ()5.147j) one has, for any e > 0, an «o(e), such 
that if a < «o(e) then 

WaWa) < (il>,Bi(>)+e. (5.174) 
Denote by fi^ be the spectral measure of V corresponding to some <fi G Ti. Then 



R 



Pd^ a (p) = J im / PX(p < R)d^ 
R -+°° Jr,+ 



93 



where x(p < R) is the indicator of [0, R]. It follows from (|5.174jl that 



lim (V>«, x(P < #W<*) = lim \\x(P < R)V 1/2 ip a \\ 2 < (if;, B^j) + e = fc. 

One has < i?)P 1/2 ^|| < i? 1/2 ||^ — + v 7 *", and taking a -> yields ||x(P < 

i^)pV 2 -0|| < uniformly in _R, so lim^oo JJ^ pdfif(p) is finite (by the mono- 
tone convergence theorem). Since ViV 1 ^ 2 ) = | J^P^AvG ) < 00 }> one has ip G 
©(P 1 / 2 ), and ||P 1/2 ^|| < (ip,Bip). □ 



5.3.4 Some operator calculus 

For the sake of completeness, we very briefly review operator calculus for functions 
of selfadjoint operators used in the previous sections. For a more detailed review, see 
for example [HS]. 

Let / G Cq(R), k > 2, and define the compactly supported complex measure 

df(z) = -—(d x + id y ) f(z)dxdy, 

where z = x + iy and / is an almost analytic complex extension of / in the sense that 

(d x + id y ) J{z) = 0, zeR. 
Then, for a selfadjoint operator A, 

f(A) = J df(z)(A-z)-\ 

which is absolutely convergent. Given /, one can construct explicitely an almost 
analytic extension / supported in a complex neighbourhood of the support of /, and 
for p < k — 2, 

k 

Imzl-v- 1 <Cj2\\f (j) h-P-i, (5.175) 

j=0 

where ||/|| n = / dx(x) n \f(x)\, and (x) = (1 + x 2 ) 1 / 2 . Moreover, the derivatives of 
f(A) are given by 

f^(A) =p\j df(A)(A - z)-v-\ (5.176) 

These results extend by a limiting argument to functions / that do not have compact 
support, as long as the norms in the RHS of (|5.175J1 are finite. 



df(z) 
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Chapter 6 

The C n paradigm 



The results of this chapter are an extension of the analysis in [JP1,2,3] to fermionic 
reservoirs and to models with time- dependent interaction (since we are interested 
in thermodynamic processes). The analysis presented here is important for later 
chapters, in particular, to prove an adiabatic theorem for NESS in chapter 8, section 

2, and to apply the isothermal theorem to a concrete example in chapter 8, section 

3. Moreover, the methods developed here are applied in chapter 9 to study the 
spectrum of the so called Floquet Liouvillean, which we use to prove convergence to 
time-periodic states in cyclic thermodynamic processes. 

We first study the spectrum of the standard Liouvillean using complex deforma- 
tions (translations) for Model C n introduced in chapter 4, section 4: a two level system 
coupled to n free fermionic reservoirs. For the case n — 1, and for time-independent 
interaction, we show that the system possesses the property of RTE in the mixing 
sense. We then introduce the C-Liouvillean of the coupled system, which is related 
to non-equilibrium steady states, and we study its spectrum using complex deforma- 
tion techniques. Finally we establish the existence of the so called deformed time 
evolution, which we use in chapter 8 to prove adiabatic theorems in NEQSM. 



6.1 Complex translations and the spectrum of C g 

We recall the basic properties of complex translations, and how they relate to the 
problem at hand. We are a bit pedantic in the presentation, so that the material is 
self-contained as much as possible. A reader who is familiar with the method may 
opt to skip this section in a first reading. 

We work in the Araki-Wyss representation of the fermionic reservoirs for Model 
C n (see section 4.4 for a discussion of this model). Assume (C n .l). For 6 G R, 
let Uj(#) be the unitary transformation generating translations in energy for the i th 
reservoir, i — 1, • • • , n, 

(u t (6)mu i ) = ri e \u l ) = f t (u t + 6), (6.1) 
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and let Ui(6) = dT(\ii(9)) the second quantization of Ui(9), 

Ui{eMMUi{-e) = <p(f$) , (6.2) 

UiWdTiujUiie) = dY( Ui ) + N t 9 , (6.3) 

where iVj is the number operator of the i i/l -reservoir TZi. Let N = Yli-^i, the total 
number of particles, and U(9) = I s ® I s ® C/i(0) (g) • • • <g) £/ n (0). It follows that the 
deformed standard Liouvillean is 

C g (t, 9) := U(9)C g (t)U(-9) = C + N9 + V* ot (t, 9) , (6.4) 

where C = £ s + J2i ^ ■> & li — dT(ui),i — 1, • • • , n, and 

kTM) = ^(t^) = ^K®i s ®6*(4^(t)) + a + ®i s ®6(/S(t)) 



i=l 



- .I s ® a ® (-l) Ni b*(f*£\t)) - .I s ® a + ® (-l)^/5f(0)} • 

Explicitly, C/j(0) = e* j4 ^ e ,i = 1, • • • ,n, where = dT(id Ui ), the second quanti- 
zation of the energy translations in the i th reservoir. 

The follwoing lemmas are needed for applying complex deformation techniques. 

Lemma 6.1 

The following holds for < 5' < 5. 

(i) If / G H 2 (5,B), the Hardy class of analytic functions as defined in section 4.4, 
then /' G H 2 (5',B), where the prime stands for differentiation with respect to 
u. Furthermore, the following inequality holds 

\\f'\\m(S',B) < J,\\f\\H*{8,B) • (6.5) 

(ii) If / G H 2 (5,B). then the map 1(5) 3 9^ /W G L 2 (R;B) is analytic in 9, 
where the strip 1(5) has been defined in chapter 4. Moreover, = f /( - 6 \ 

(iii) If 0i, 2 G 1(5'), then, for any / G -£f 2 (5, £>), one has the following estimate 

11/(00 _ /(^)|| i2(R;B) < h^M\ mH2{m . (6.6) 

Proof. Since / G i/ 2 (<5, £>), this implies that / : 1(5) — > £> is analytic. We will prove 
the boundedness of /' by looking at its Fourier transform. Denote by / G L 2 (R; B) 
the Fourier transform of /, then 

/oo 
\\f(u + ir])\\ 2 B du = sup ||e er /(r)||. 
-oo |6»|<5 
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Therefore, 

' '" 2 (8',B) 



\\f'\\H\s',B) = sup ||re r9 /ll 

6>|<<5' 



<sup|re-( 5 - 5 ')l r l| sup || e ^+(*-*')H/| 

reR \0\<S' 

< 1 jr. sup || e l*-l/|| 
e(d - o') \o\<s 



< 



V2 1 
I'd -6' 



which implies claim (i). 

Assume that \Imd\ < 5' < 5, then for small enough e G C, 

\\f{e+e) _ f (8) _ efl (0)\\ = || e ^( e ^ - 1 - ier)f\\ 

< SUp \ e -Im8r-6>\r\( e itr _ j _ ier )||| e *'|r[^|| 
reR 



< 0(e 



H 2 (&,B)i 



as e — > 0. This implies (ii). 
It follows from (ii) that 



_ ^(fa)|| = || _ 9 ^ [\f>)^+W^))dt\\ 
Jo 

< \9i-9 2 \ sup || (/')(*»+*(*-*>)) || 

0<t<l 

< \0l - 02|||/ \\h 2 (S',B) 
01 — ^2 



< 6 _ J, \\J\\H\5',B), 

which is (hi). □ 

For 9 G 1(6), it follows from (C n .l) and (|6.4|) that the perturbed standard Liou- 
villean is well-defined on the domain V := V(N) n V(C ni ) n • • • n V(C Un ). As an 
operator on £>, satisfies V^°*(0)* D l^ to *(0), and V^ o *(0) is closable for each 

(g, 9) G C x 1(5). We will denote the closure of operators by the same symbol. 

Lemma 6.2 

For 9 G C, the following hold: 

(i) For any if) G T>, one has 

||£ o (0)^|| 2 = \\C (Re9)iP\\ 2 + |/m#| 2 ||A^|| 2 . (6.7) 
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(ii) If ImO 7^ 0, then Cq{6) is a normal operator satisfying 

c (ey = c (9) , (6.8) 

and V(£ (0)) = V. 

(iii) The spectrum of Cq(6) is 

a(C (6)) = {n6 + s : n E N and s E R} U <j(£ s ) . (6.9) 

Proof. The first claim follows directly by looking at the sector N = n, since Cq{9) 
restricted to this sector is reduced to 

jCS(e) =£* + Sl + --- + s n + n9 . 

Since V = = {^ (ri) } : V^ (n) e P(4"V)) anrf En II tVW {n) II < °o}; it 
follows that £o(#) is a closed normal operator on Z>. Claims (ii) and (iii) follow from 
the corresponding statements on C^\9). □ 

Note that V g tot (9) is bounded as a consequence of assumption (C n .l). 

Lemma 6.3 

Assume that (g,9) EC x I~(S), then 

(i) V(C g (t,9)) = V and C g (t,9)* = C g (t,9). 

(ii) The spectrum of C g {t, 9) satisfies 

a(C g (t, 9))e{zeC: Imz < C(g, 9)} , (6.10) 

where 

C( 5 ^):=sup{-^^|/me|^ + |/ m5 ||/ m ^-V2 } ^|| / . ft(0 || jf (6 . n) 
teR — 1 m 9 i 

Furthermore, if Imz > C(g,9), then 

II (*.(«,») -,)-'« < fmz _ 1 CM) - (6.12) 

(iii) The map (g,#) — > C g (t,9) from C x I~(5) to the set of closed operators on 

is an analytic family in each variable separately; (see [Kal], chapter V, section 
3.2). 
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Proof. The first claim (i) follows from the fact that V g tot (t,9) is infinitesimally 
small with respect to C (9) for 9 G 1(5). To establish the second assertion, let 
C(t,g,9) : = sup Im(r](C g (t, 9)), where rj(£ g (t,9)) is the numerical range of C g (t,9). 
We know that a(C g (t,9)) C r](C g (t,B)), and that \\(C g (t,9) - z)' 1 ]] < dlst{z ^ Cg{tm 

for z G C\r](C g (t,9)) (see [Hu]). One may readily check that C(t,g,9) < C(g,9) 
from Lemma 6.1 and ()6.4|) . This suffices to prove the second claim. Since ||£ 9 (£, 9 + 

e) - C g (t,9) - 6^|| = 0(Y Jl Wff^ ~ fi% ~ *0, [t folloWS that the map 
(g, 9) — > £ 9 (£, 9) is analytic in Analyticity in g is obvious from definition (|6.4j) . 
□ 

Denote by 

S(r/) := G C : /mz > r^}, 

which is an open half-plane. 

Proposition 6.4 

Suppose (C n .l) and (C n .2). Then there is a constant g! > 0, independent of 
Pi G [/3q, f3*],i = 1, ■ ■ ■ , n, < j3 < % < 00 fixed, such that the following hold. 



(i) If \g\ < gi\Im9\, then the spectrum of the operator C g (t,9) in the half-plane 
"E(Im9 + — ) is purely discrete and independent of 9. 



(ii) If \g\ < jgi\Im9\, then the spectral projection P g (t,9) associated to the spec- 

M 
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trum of C g (t, 9) in the half-plane "E(Im6 + — ) is analytic in g and satisfies the 



estimate 

||P fl (*,0)-P Q ||<_^l . (6.13) 
gi\lm9\ 

Proof. The resolvent formula 

(C g (t, 9) - z)- 1 = (C (9) - z)-\l + V g M (t, 9)(C (9) - z)- 1 )- 1 , (6.14) 

holds for small g, as long as z belongs to the cone {z G C : < C\ < \z\ < C2lmz}, 
since V g tot (t, 9) is infinitesimally small with respect to Co(9) for 9 G 1(5). The strategy 
of the proof is as follows: We extend the domain of validity of (|6.14|) by refining the 
estimate on V g tot (t, 9)(£ (9) — z)~ x , and then use analytic perturbation theory as 
developed in [HP]. 
Note that 

\\V g to %9)(C (9) - z)- 1 ]] < gJ2\\f^M\HH8,B)\\(Co(9) - z)'^. (6.15) 

i 

Since and Cq(9) are commuting operators, one may apply the spectral theorem 
to evaluate the norm of A(z) := V tot (t, 9)(C (9) - z)" 1 . On the sector N = 0, 

u^)\\ = \\^-,r\\ = distiz ' a{CE)y (6.16) 
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Without loss of generality, assume that Im9 =: —fx < 0, ie, 9 G / (5). On the sector 
iV = n > 0, 

II^HfrU = II ^ + 1 || (617) 

11 v Jf n {£ s + s 1 + --- + s n + nRed-Rez)-i{n f i + Imz) n v ' ; 



y/n + 1 
|n/x + imz| 

Since \\A(z)\\=su Vn>Q \\A^(z)\\, 



(6.18) 



||A(z)|| < < ^'^K.^V™ < ^ • (6-19) 



2-v/ ii{Imz—pL) 



, 3/i < /mz 



Let 

1 

^ := sup AS- II f mil ' ( 6 - 2 °) 



and G(6,e) := {z G C : Imz > Im9;dist(z,a(C (9)) > e)}. It follows from (jOTty 
and (f6~27Ijl that, for e < /i, 

sup HV^^.^CroCe) - 2f)- 1 || < M. (6.21) 
If |p| < gi€, the resolvent formula ()6.14|) holds on G(9, e), and for > 0, 

N-l (\9\_\N 

sup \\(z - C g (t, 9))- 1 - J> ~ C Q {9)y\V^ 9){z - C (9))~y\\ < -^r. 

For small enough \g\, it follows that 

E(Im9) \a(£ s ) = |J G(0, e) c p(£ fl (t, 0)) , (6.22) 

where p(C g (t,9)) is the resolvent set of C g (t,9). Therefore, the discrete spectrum of 
C g (t,9) is stable, and one may apply analytic perturbation theory. We still need to 
prove the independence of (i) from 9 G Fix (po>#o) G C x I~(S) such that 

| Pol < 9i\I m 9\- The discrete eigenvalues of £ go (t,9) are analytic functions with at 
most algebraic singularities in the neighbourhood of 9 , since C go (t,9) is analytic in 
9. Moreover, since C go (t,9 ) and C go (t,9) are unitarily equivalent if {9 — 9 ) G R, it 
follows that the discrete spectrum of £ go (t, 9) is independent of 9. 

To prove (ii), assume that 2e < \Im9\ and \g\ < pie, and let the contour 7 = 
7 + — 7_, where 7± := {z G C : Imz = ±Im6/2}. At the formal level (for now!), let 

P 9 (t,e):= f^-.(z-£ g (t,9)r\ (6.23) 
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which is the spectral projection onto the discrete spectrum of C g (t, 6). 
Iterating the resolvent identity (|6.14|) . one obtains 

P g (t, 6)=P + n«(t, 9) + Uf\t, 6) , (6.24) 

where 

Po = Po(0) , (6.25) 

n«M) = f ^Mo) - zy'v^MiCoie) - z)- 1 , (6.26) 
nf\t,e) = -f^L(Co{6) -z)-^%e)(c g (t,e) - z)-X ot (t,9)(jC (e) - ,)- 1 . 

(6.27) 

Applying the spectral theorem (with respect to £q(6), which is normal), 

POO 

U^\t,9) = -i e-^Q s ds, (6.28) 



where 

{p nP i£os\ftot -iCos „ ^ n 
r t f r ( 6 - 29 ) 



Since II 0,11 < 



, we have the following estimate 



\\n<p(t,e)\\< — > (6-30) 

uniformly in t G R. 

We still need to estimate the norm of Tl g 2 \ Consider two vectors ip,ip G Ji. By 
the Cauchy-Schwarz inequality, 

K^nfV)! <snp\\v^°\t,e)(c g (t,e) - z yW g M (t,e)p( v )uW , (6.31) 

where u(-) := {J ^\\(£ (0) — z)~ l ■ I) 2 } 1 / 2 . By the spectral theorem, 



and 



/ g M (t,e)(c (e)-z)- l v g M (t,e)\\<^- 



Again using the resolvent of the identity and the previous estimates, 

sup\\V g t °%6)(C g (t,6)-z)- 1 V g t °%6)\\ < ^(l-M)-i. 
267 9iV 9i£ 
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Optimizing the latter equation with respect to e gives e = /i/2, and hence 

||nf(i,«)ll<^(l-^lr', (6.32) 

uniformly in t G R. 

Estimates (|6.30|) and (|6.32|) imply that 

1 4- 2r 

UPp^^-Poll^^^^), (6.33) 

with x = j^j < 1/2, independent of t G R. □ 

Proposition 6.4 allows one to apply reduction theory to the discrete spectrum of 
resonances as developed in [HP,JP1,2,3], and to construct a quasi-Liouvillean acting 
on Hp ®7i s by transforming the reduced Liouvillean C g := P g C g P g from Ran(P g {9)) 
\oH s - H s -. ' 

If < estimate (l6~3HJ) implies that \\P g {t,9) - P || < 1. It follows that the 
maps 

P : Ran(P g (t, 9)) -> ft s <g> ft s ; 
P g (t, 0) : ft s ® H s -> Ran(P g (t, 9)) 

are isomorphisms for each fixed t. 
Let Tp(t) := P P g (t,9)P , then 

S 9 (t, 0) := T g {t)- 1/2 P P g {t, 9) : Ran(P g {t, 9)) -> ft s ® ft s (6.34) 

has an inverse 

S" 1 ^, 0) := P 9 (t, 9)P T- 1/2 (t) :H^®H S -> Ran(P g (t, 9)). (6.35) 

Let 

M 9 (t) := P P g (t, 0)A,(t, 0)P fl (i, 0)P O , (6.36) 
and define the quasi-Liouvillean 

E g (t) := S fl (t, 0)P g (t, 0)£ fl (*, 0)P fl (t, fl^t, 0) = 37 1 /2( t ) Mfl ( t)r i/2 (t) ) (6 37) 

which is nothing but the mapping of the reduced Liouvillean L g from Ran(P g ) to 
ft s ® ft s .[HP,JPl,2,3] 

Since U(6)P = PqU{9) = P ,V0 G C, the operators T 5 (t) and M p (t) are inde- 
pendent of 9 for | (7 1 < 
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Proposition 6.5 

Suppose assumptions (C n .l) and (C n .2) hold, and that \g\ < Then, for each 
fixed time t, the quasi-Liouvillean defined in ()6.37|) depends analytically on g, 

and has a Taylor expansion of the form 

CO 

S 9 (t)=£ s + ^^S^'). (6.38) 

3=1 

The first non-trivial coefficient in (16.381) is 



S (2) (t) = ^ jf ^ *)(* - ^T 1 + (* " ^T^, *)) , (6.39) 

where K(t, z) = P V g tot (t, 6)(z - C Q {e))- l V g tot {t, 6)P . 

Proof. Fix the time t G R. Analyticity of T g directly follows from the previous 
proposition and the definition of T g . Since \\T g — 1|| < 1 for \g\ < Tg 1 ^ 2 is also 
analytic in g. Inserting the Neumann series for the resolvent of C g (t, 8), gives 

CO 

T g = l + J29 3 T^ , (6.40) 

with 

T {j) (t) = j £L(z - £ s )- 1 P ^°*(t, *)((* - £ (^)-V tot (t, 'Poiz - C*)- 1 . 

(6.41) 

Similarly, 

CO 

Mg(t) = £ S + 9 jMi3) ' ( 6 - 42 ) 

3=1 

with 

M ° )(t) = / ^l z{z ~ £E )~ lp °^ to< (*, - £o(e)r l v tot (t, eyy-'Poiz - c^y 1 . 

(6.43) 

The odd terms in the above two expansions are zero due to the fact that P$ 
projects onto the N = sector. The first non-trivial coefficient in the Taylor series 
of E g is 

£( 2 )(t) = M^(t) - i(T (2) (t)£ E + £ s T (2) (t)) (6.44) 
= \j ^~m, z)(z - C*)- 1 + (z- C^Kit, z)) , (6.45) 

with K(t,z) = P Q V g tot (t,6)(z - £ (6))- 1 V g t ° t (t,6)P . □ 
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Up until now we have assumed that Im9 7^ 0. The following lemma asserts that 
under certain assumptions, one can take the limit ImO \ in the resolvent. 



Lemma 6.6 

Suppose that assumptions (C n .l) and (C n .2) hold. Then, for g E R and Imz 
large enough, 

s - lim (C g (t, 0) - z)- 1 = (C g (t, ReO) - z)' 1 , (6.46) 
for each fixed time t E R. 



Proof. Without loss of generality, assume that ReO = 0. Since (£ g (t,. 



is uniformly bounded as ImO j for g E R and imz large enough, it is enough to 
prove (6.48) on a dense subspace. Let B v := {ip G 7i : iV^ < t>}, the subspace of 
finite particle vectors and let V v := {(C g (9) — 2)^ : ip E B v }. For (p E D v , 

[(jc g (t,e)-z)- 1 -(jc g (t)-z)- 1 ] ip 

= (C g (t) - z)-\C g {t) - C g (t, 9)){C g (t, 9) - z)-\ 

= (C g (t) - z)-\V?*(t) ~ V g to %9) - N9)(C g (t,9) - z)~\ . 

Using this and the fact that T> v is dense in T> = T>(N) n T>(jCq), it follows that 

\\[(C g (t,9)-z)- l -(C g (t)-z)- 1 ](N+ir 1 \\ 

< 7^(1 + 2 -j^j E WfiA(t)\\H H s,B))\\(N + i)(c g (t, 9) - z)'\n + in . 

Moreover, since (N + \)(C g (t,9) — z)^ 1 (N + 1) _1 is uniformly bounded as ImO | 0, 
it follows that 



hm || i(£ g (t, 9) - z)- 1 - (£, g (t) - zr'KN + I)-! = . (6.47) 



□ 



Recall that for model C n , we set all the chemical potentials equal to v E R. The 
result can be generalized to arbitrary chemical potentials (see remark after Theorem 
6.7). 

Theorem 6.7 ( Spectrum of the standard Liouvillean of C n ) 

Suppose assumptions (C n .l) and (C n .2) hold. Then there is a constant g\ inde- 
pendent of Pi E [Po, < Po < P* < 00, i — 1, • • • , ra, such that the following holds 
for |g| < eft and fixed t. 

(i) If there are at least two reservoirs to which the small system is connected with 
different temperatures (ie, 3i,j E 1, • • • ,n such that Pi 7^ Pj) *, then the 
spectrum of C g (t) is absolutely continuous for all t E R. All the eigenvalues of 
£ 9 become resonances in this case. 

*(or different chemical potentials Vi ^ i/j; see remark after Theorem 6.7) 
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(ii) If there is only one reservoir at inverse temperature (3 and chemical potential 
v, then dim Ker£ g (t) = 1. In particular, if the coupling of the small system E 
to the reservoir TZ is time-independent, ie, V(t) = V, then the system possesses 
the property of return to equilibrium. For all states p G Af, the set of states 
normal to the initial state 

uj = <g) uf, 

we have 

lim p(a t (A)) = u P m(A) , (6.48) 

where A G O = s <g> O n and up^ g is the {a g ,(3, i/)-KMS state of the coupled 
system. The limit is exponentially fast, in the sense that 3^(g) > 0, a set of 
states Ao dense in Af, and a norm-dense subalgebra Oq C O, such that for all 
p G Ao, A G C , and t > 0, 

|p(aJ(A)) -up, v , g {A)\ < C{A,(3,g)e-^ t , (6.49) 

and up t9 is analytic in the coupling g. 

Proof. The proof relies on the method of complex translations as developed in 
[JP1,2,3]. Fix teH, and choose k such that < k < min(-|-, • • • ,-S-,5), where 
Pi,i = 1, • • • ,n, are the inverse temperatures of the reservoirs and S appears in as- 
sumption (C„.l), chapter 4. Recall that 

C g (t, 9) := U{6)C g {t)U{-6) = £ + N9 + V^(t, 9) . (6.50) 

The function I~(k) <8> C 3 (9,g) — > C g (t,9) with values in the closed operators 
on TL, is an analytic family of type A in each variable separately (see for example 
[Kal]). The spectrum of C (9) consists of two simple eigenvalues E 2 = —2 and 
E 3 = 2, a doubly degenerate eigenvalue at 0, E = E\ = 0, and a sequence of lines 
{inlm9 + R : n G N+}. 

Let C(S,pi) := sup, /m2 | <5 |1 + e -ft(*-")|-i/2 ) w hi c h is finite. Then 

n 

C:= sup \\V^ t \t,9)\\<2V2Y^C(k,mhM\\H H k)<oo, (6.51) 

dueto(C n .l). Choose (^i such that ^iC < (k — //) / 4, where /x = |7m^|. Then, for |g| < 
(71 and —k < ImO < —{k + p)/2, the essential spectrum a ess (C g (t,9)) is contained 
in the half-plane {z G C : Jmz < — /i}. The location of the discrete spectrum 
of C g {t,9) inside the half-plane S(— p) can be computed using regular perturbation 
theory. Taking g\ small enough, the discrete spectrum of C g (t,9) consists of four 
points (resonances) {Ek{g)}\ =0 , such that E (t, g), E±(t, g) are localized near 0, while 
E 2 (t, g), E 3 (t, g) are localized near =f2 respectively. 
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From Proposition 6.5, we know that 

S (2) =\ j ^-{PoV tot (t, 6){z - C Q {9))- l V to % 9)P (z - C^)- 1 

+ {z- C^PoV^it, 6){z - C Q {9))- x V tot {t, 6)P } . (6.52) 

We now apply regular perturbation theory to compute the shift of the eigenvalues 
of C g {6) to second order in g. Let P&, k = 0, • • • , 3 be the spectral projection corre- 
sponding to the eigenvalues E k of £ E (recall that E$ = E\ = 0,E 2 = — 2; E 3 = 2), 
and let 

T k 2 \t) := P k ^ 2 \t)P k . (6.53) 

To compute the shift in E 3 = 2, look at Tf\t) = P 3 £ (2) (£)P 3 . Applying the 
Cauchy integration formula to ()6.52j) gives 

rf (*) =\{P 3 Poa + ® I s ® &(/$(t))(2 - A(0)rV_ ® 1 E ® b*(rt%(t))P P 3 

+ P 3 P 1 S ® ^ + ® b{f*^{t)){2 - Cid))- 1 ^ ®o_® b*(f#V\t))P P 3 } . 



Using the fact that 

1 1 

limPe = VV- , 

(\o x — ie x 

limPm = in5(x) , 

e\o x — ie 

where VV stands for the Cauchy principal value, it follows that 



Perf = j^VV I d J fi ^' m * , (6.54) 

i=l ^ R U 



n „ n 

ImTf = / du\\f iA (u,t)\\B^- 2) = -^^11/^(2^)11 

i=i Jk i=i 



(6.55) 



Similarly, 



Perf = -J2 VV j du nJi '* K _'™ , (6.56) 



n „ n 



1 b It 

ImYf = du R \\f l ^t)\\ 2 B^-2) = -nJ2\\k^t)\\l ■ (6-57) 



i=l " i=l 

We need to apply degenerate perturbation theory for the zero eigenvalue of £ s . 
ng the definition of f^, ffg and given in section 4.4, 

ReTfl = , (6.58) 

ftnlfl = -,V ; P'T ^1 V (6.59) 

0>1 ^2cosh(A(2-z/)/2) V - 1 e - ft ( 2 -^/ 2 y v ; 
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Therefore, to second order in the coupling g, 

E 2>3 (t, g) = ±(2+g 2 VV / du- £ U, Pi (u, t) || J) -i*g* £ II Aft ( 2 > *) Ill+OG? 4 ) - 

</r ^ ^ i=1 i=1 

(6.60) 

Note that ImE2${t, g) < 0. Furthermore, 

Eo, 1 (t,^) = (7Vi(t) + 0(( 7 4 ), (6.61) 
where ao,i(£) are the eigenvalues of the 2x2 matrix 

CT ^co S ft(A(2-.)/2) I -1 e-^~^) ■ (6 - 62) 

(i) If 3/5, ^ for i,j G {1, ■ • ■ ,n}, it follows from (J6~62|) that ImE 0:1 (t,g) < 0, 
and together with Lemma 6.6, it follows that all the eigenvalues of the C g (t) are 
pushed to the lower half-plane, ie, they all become resonances, and the spectrum 
of C g (t) is purely absolutely continuous. 

(ii) Suppose there is only one reservoir at inverse temperature /3(or equivalently 
several reservoirs with the same temperature), then f2y(t) £ KerC g (t) (see 
chapter 3). It follows from IETE2I) that ImE 1 (t) = -ng 2 \\f(2,t)\\l + 0(g 4 ) < 0, 

while E (t, g) = with = I p^-v)/* ) the corresponding eigenvector of Eg 

(which is consistent with KerC g > 1). Together with Lemma 6.6, this implies 
that is a simple eigenvalue of C g (t), and that the spectrum of the Liouvillean 
away from zero is absolutely continuous, a(£ g (t))\{0} = a ac (C g (t)). 

In particular, if the perturbation is time-independent (V(t) = V), the system 
possesses the property of return to equilibrium in the mixing sense; (see chapter 
3), with an explicit rate of convergence to the perturbed equilibrium state 0Jp, v ,g 
as t — > oo. 

Let 

S C ^_(L 2 (R; &)) 

be the set of entire functions for the group U(6), ie, for ip G JF_(L 2 (R; B)), 
U{6)ip has an entire extension. Denote by C := 7i s <S> 7i s <S> S, which is dense 
in 7i. For $, \l/ G C, g G R, and imz large enough, the function 

_> fc(0) = (C/(0)$, (£ ff (0) - z)" 1 ^)*) (6.63) 

is analytic on I~(k), and continuous on I~(k) U R due to Lemma 6.6. Hence, 
the map 

z -> (C/(0)<&, - 2 )- 1 Z7(0)*> , (6.64) 
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provides the meromorphic extension to the half-plane 3(1 m6 + — ). To see the 



exponential convergence to the perturbed equilibrium state, define 

f(t) ■= ($, e ~ i£ ^) . (6.65) 
For Imz > 0, the transform (Fourier-Laplace) 

POO 

f(z) := / f(t)e izt dt = -i<$, (C g - zY l m) (6.66) 
Jo 

is well-defined, with inverse 

1 f°° 

/(*) = — f(u + irj^+^du , (6.67) 

^ J-oo 

where t, r\ > 0. Rewriting (|6.67|) . 

f(t) = — I f(z)e- lzt + — [ f(u - - e'^e-^-^'^du , (6.68) 



2tt / 7 2tt , 

where the contour 7 is as before, fi = \Im9\ and fi > e' > e. The first term in 
(ITTflHl) is 

i- y f(z)e- izt dz = (U(9)$, S g 1 (9)e-^ t S g (e)U(e)m) , (6.69) 

which converges to the (a*,/3, i/)-KMS state with a life-time = 0(g~ 2 ). The 
second term in ()6.68|) is of order 0(e~^~ e "^), for [i > e" > e; (see, for example, 
Theorem 19.2 in [Rud]). 



□ 



Remark. One may show using a similar computation that if all the temperatures 
of the reservoirs are equal, but the chemical potential of at least two reservoirs are 
different, the spectrum of the Liouvillean is absolutely continuous. 

The fact that the kernel of the standard Liouvillean is empty if at least two 
reservoirs have different temperatures (or chemical potentials) is consistent with ex- 
pectation that the property of return to equilibrium does not hold if one starts with 
asymmetric boundary conditions. This motivates the introduction of the so-called 
C-Liouvillean, which has a non-trivial kernel even when one starts with asymmet- 
ric initial conditions, for the study of non-equilibrium steady states (NESS). The 
C-Liouvillean was introduced for the first time in [JP3]. 
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6.2 NESS and the C-Liouvillean 

Consider the Model C n ,n > 1, such that the unperturbed initial state of the system 
is 

Q = ft s ®% <g> ■■■ttp n , (6.70) 

where, without loss of generality, s is the vector in 7i s ® 7i s corresponding to the 
trace state, and VLp. the vacuum of jF^ i (L 2 (R; B))) Construct the Banach space 
C(0,Q), which is the vector space OVt = {AQ : A 6 O} with norm UAfiUoo — ||^4||- 
There is a Banach space isomorphism, 

O 3 A^ AQ eC{0,Q) . (6.71) 
Under the isomorphism (J6.71)) . the time evolution from time t' to t is mapped to 

a*/ (A)^U g (t',t)An, (6.72) 
such that U g (t',t)fl = Q. Let L g be the generator of U g , such that 

d t U g (t,t') = -iL g (t)U g (t,t') (6.73) 
U g (t,t) = l. (6.74) 

Differentiating both sides of the equation 

af(A)Q = U g {t',t)AQ 

with respect to t and setting t = t' gives 

[(Co + gV(t))A - A(C + gV(tm = [(4> + </V(*))4 - (V(t)A*)*]n 

= {Co + gV{t) - gJA 1/2 V(t)A- 1/2 J)AQ 
= L 9 (t)Afi , 

where J = J s <g> J^ 1 ® • - • ® J 7 ^ and A = I s <g> A^ 1 <g> • • ■ <g> A 71 " are the modular 
conjugation and the modular operator of the Model C n . 
We define the C-Liouvillean to be 

L g (t) := Co + gV(t) - gJA 1/2 V(t)A- 1/2 J . (6.75) 

Assumption (C n .3) on the perturbation is sufficient to show that L g (t) satisfy the 
conditions of the Yosida-Hille-Phillips Theorem, and Theorem X.70 in [RS2], and 
hence U g = U g (t,0) can be extended to a strongly continuous group on the Banach 
space C(0,£l). 

^The results of this section hold for initial states that are normal to tt. 
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We will show later in this chapter that when the perturbation is time-independent, 
the state of the coupled system converges to a non-equilibrium steady state. The 
NESS is related to the zero energy resonance of the adjoint of the C-Liouvillean. 
Before doing so, we study the spectrum of L g (t), which is generally time-dependent. 
(As an application of the latter, we will prove a novel adiabatic theorem for states 
close to NESS in chapter 8.) 

The results of the previous section regarding complex deformations are directly 
translated to this case. 

6.3 Spectrum of the C-Liouvillean for C n 

We study the spectrum of the (adjoint of the) C-Liouvillean for Model C n in the 
time-dependent case using the method of complex deformations as developed earlier 
in this chapter; (see also [JP1,2,3]). The deformed adjoint of the C-Liouvillean is 

L* g (t, 9) := U(9)L* g (t)U(-9) = C + N9 + gV tot (t, 9) , (6.76) 
where C = £ s + J2i ^ ■> ^ = dT(ui),i = 1, • • • , n, and 
V to %9) = ^W®1 S ®6(4?W) + ^®1 S ®&*(4?W) 

i 

- *l s ®a + ® (-lf% e -^ u ^ 2 f*^(t)) - il E ® a_ ® (-l)^b*(e^'^ 2 f*^)} . 

Let 

P' 9 (t,9):= f^L( z -L*{t,6))-\ (6.77) 

where the contour 7 as in section 6.1, and T'{t) := P P g (t, 9)P , and 

S' g (t, 9) := (T' g (t))-^ 2 P P g (t, 9) : Ran(P g (t, 9)) ^H S ®H S (6.78) 
which we will show has an inverse 

(S' g y\t, 9) := P' g {t, 9)P {T' g )- 1/2 {t) ;7f®7f^ Ran(P' g (t, 9)) . (6.79) 
Moreover, let 

M' g (t) := P P' g (t, 9)L g (t, 9)P' g (t, 9)P , (6.80) 
and define the quasi-C-Liouvillean 

== S' g (t,9)P' g (t,9)L;(t,9)P' g (t,9)(S' g )- 1 (t,9) = (Ty/\t)M' g (t)(T' g )y\t) , 

_ (6.81) 

which is nothing but the mapping of the reduced C-Liouvillean L g = P g L g P' g from 
Ran{P' g ) to H s - 'hC . 

Theorem 6.8 

Suppose (C n .2) and (C n .3) (see section 4.4). Then there is a constant gi > such 
that the following holds. 
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(i) Assume that (g,9) G C x I~(5), then V(L*(t, 9)) = V and {L*(t, 9))* = Lg(t,9). 
Moreover, the spectrum of L*(t,9) satisfies 

a(L* g (t, 9)) C {z G C : Imz < C(g, 9)} , (6.82) 

where 



C(g,6) := sup{2-^L|/m^| 1/2 + \Img\\Im6\- 1/2 } 
ten o - Img 



x 



x £{||/<a(*)IIii»(*b) + \\e-^- u)/2 A,Xt)\\HHs,B)} 

i 

Furthermore, if Imz > C(g,8), then 



1 

Imz — C(g, 



\\(L* g (t,6) - zHl < - , (6.83) 



and the map (g, 9) — > 0) from Cxi (<5) to the set of closed operators on 
TC is an analytic family in each variable separately. 

(ii) If \g\ < gi\Im9\, then the spectrum of the operator L*(t,9) in the half-plane 
S(i>n0 + j^) is purely discrete and independent of 0. If |g| < ^gi\Im9\, then 
the spectral projection P'(t,6) associated to the spectrum of L*{t,9) in the 
half-plane E(Im9 + j^) is analytic in g and satisfies the estimate 



3 


>\g\ 




9i\ 


Im9\ 



m,8)-Po\\<-T7^n- (6-84) 



(iii) lf\g\ < 91 ™ , then, for each fixed time t, the quasi- C-Liouvillean T,' g (t) defined 
in ()6.81|) depends analytically on g, and has a Taylor expansion of the form 

oo 

£;(t) = £ E + 5^(£') (2j) . (6.85) 

3=1 

The first non-trivial coefficient in ()6.85|) is 

(£') (2) W = ^^{PoV to \9^-^om~ 1 V tot (9,t)P (z-^)- 1 + 
+ {z- C s )- 1 P V tot (9, t)(z - C (9)r 1 V tot (9, t)P } . 

(iv) For g G R and Imz large enough, 

S - lim (2£(f, (9) - z)- 1 = (L*(t, iteC) - z)" 1 , (6.86) 

for each fixed time t G R. 
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The proof of the claims of Theorem 6.8 are very similar to those in section 6.1: 
the proof of claim (i) is similar to that of Lemma 6.3, of claim (ii) to Proposition 6.4, 
of claim (iii) to Proposition 6.5 and of claim (iv) to Lemma 6.6. In order to avoid 
redundancy, we will not repeat the proofs. 

We are interested in the spectrum of the adjoint of the C-Liouvillean in order to 
prove convergence to NESS and an adiabatic theorem for states close to NESS. Let 
k = min(j^, ■ ■ ■ ,-j^,5), where 5 appears in assumption (C n .3), and choose 9 G I~(k). 

Proposition 6.9 (Spectrum of L*{9)) 

Assume (C n .2) and (C„.3), choose 9 G I~(k) and fix t G R. Then there exists 
a constant gi > independent of t and 9, such that, for < |gr| < g%, the essential 
spectrum of L*(9,t), a ess (L*(9,t)) G C\H(— //), where // = \ImQ\, and the discrete 
spectrum adisc(L*{9)) G H(— /i), with all eigenvalues in the lower half-plane exception 
one eigenvalue at zero. 

Proof. Since we assumed (C n .2) and (C n .3), the results of Theorem 6.8 hold. 
Similar to the proof of Theorem 6.7, the essential spectrum a(L*(9,t)) G C\H(— fi) 
for \g\ < g\. The perturbation of the discrete spectrum can be studied by mapping 
the reduced operator P' g (9,t)L*(9,t)P'(9,t) to the quasi-C-Liouvillean defined 
in (6.76), which acts on 7i s ® 7i E , as in Theorem 6.7, section 6.7. 

The remaining discussion is very similar to the proof of Theorem 6.7. Let 

(r')l 2) (t):=P fc (S') (2) (t)P fc . (6.87) 
Applying the Cauchy integration formula to ()6.87|) gives 



r)?\t) = ^ 3 iv + ® i s ® 6(/S(t))(2 - £ (^))-v_ ® i s ® b*(f^(t))p p 3 



i 

2 

+ P 3J Pol S ® <x+ ® &(e" ftK "" )/2 /*ft } (*))(2 - A^))" 1 ^ ® <r_ ® b*{e^ Ui -^ 2 f*£\t))P Q 
It follows that 

ife(ro« = yw [ ^M^i, (6 . 88) 



n „ n 

7m(r')f = -TT^/ d«||/i A (« l t)||^(«-2) = ^^||/, A (2,t)||S.(6.89) 
i=i ^ R i=i 



Similarly, 



i?e(r')( 2) = ~J2 VV f d J k ^ Ml , (6.90) 



i=i 

n „ n 



^(H? = /^ R ||A ft Kt)||^(n-2) = -vr^||A ft (2,t)|| 2 .(6.91) 

i=l i=l 
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Now apply degenerate perturbation theory for the zero eigenvalue. Using the 
definition of f i: ^ and ffp. given in section 4.4, 

ite(r')g = 0, (6.92) 

-A II £(2 f) III / e ft(2-^)/2 _ e /3i(2-i/)/2\ 

Therefore, to second order in the coupling g, 

E> :3 (t,g) = ±(2+g>VV / du— £ ||/ i>A («, t) |||) - i^ 2 £ ||/ iA (2, |||+0(<7 4 ) , 

(6.94) 

while 

£ li2 M)=/a 1;2 (0 + C>(<? 4 ), (6.95) 
where ai j2 (t) are the eigenvalues of the matrix 

-^Z. 2cosh(A(2 - !/)/2) ^-e-A( 2 -)/ 2 e -A<'-">/* J " 

Since f2 is an eigenvector corresponding to the isolated zero eigenvalue of L g (Q,t) 
(by construction, L g (t,9)Q = 0), then zero is also an isolated eigenvalue of L*(9,t). 
(One way of seeing this is to take the adjoint of the spectral projection of L g (9,t) 
corresponding to Q, which is defined using the resolvent and functional calculus.) In 

fact, ip — (I J is the eigenvector corresponding to the zero eigenvalue of (£') 2 (t). 



Hence, 

E' (g,t)=0, (6.97) 

n 

E[(g,t) = -i^Y,\mMl + 0{g 4 ) . (6.98) 



i=i 



Moreover, we know from Theorem 6.8, (iv), that s — lim Im ^ (z — L*(#,t)) _1 = (z — 
L*(Re9,t))~ 1 for Imz big enough, and hence the claim of this proposition. □ 

The following corollary says that when the interaction is time-independent, V(t) = 
V, the coupled system converges to a non-equilibrium steady-state exponentially fast. 
This result has been proven in [JP3], but we mention it for the sake of completeness. 
The NESS will correspond to the zero energy resonance of L*. This provides some of 
the background for stating and proving a novel adiabatic theorem for states close to 
NESS in chapter 8. 

Let D be a positive bounded operator on Ti such that Ran(D) is dense in H and 
Dtt = a 
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Corollary 6.10 (NESS) 

Suppose assumptions (C n .2) and (C n .3), and that the perturbation V(t) = V is 
time-independent. Then there exists gi > such that, for \g\ < gi and a e "D(-D _1 ), 
the following limit exists, 

lim (ft, a* (a)ft) = (ft s , D _1 aft) , (6.99) 

t— >oo y 

where ft s corresponds to the zero-energy resonance of L*, and ctf is the perturbed 
dynamics. This limit is exponentially fast, with relaxation time tr = 0(g~ 2 ). 

Proof. Choose k = min(^-, • • • ,-^-,5), where 5 appears in assumption (C„.3), and 
let 9 E I~(k). We already know the spectrum of L* {9) from Proposition 6.9. Let 

D : = I s <g> I s <g> e ~ kAn i ® ... (8) e" fc ^" , (6.100) 



where = dT(^Jp 2 + 1), and = 2<9 Uj is the generator of energy translations 

for the TZj reservoir, j = 1, • • • ,n. Moreover, let h test = D(e h ^ p2+1 ), and O test = 
F_(h test ), which is dense in JF_(L 2 (R; £)). For a E s <g> Cf s ' <g> • • • C^ es *, 

lim (ft, a*(a)ft) = lim (ft, e^ae - *' 1 ^) (6.101) 

= lim (e^ L Sft, aft) (6.102) 

= lim(e-^ (e) ft,a(^)ft) (6.103) 
1 /"°° 

= lim ( / dw(w + ir; — LVfl))-^-^*^, a(fl)ft) , (6.104) 

for i] > 0. One may decompose the last integral into two parts (as in the proof of 
Theorem 6.7,(ii)). The first part is 

lim — ( / dz(z - L* (9))~ 1 e~ izt Q, a(9)Q) = (ft 9 , D^aQ) , (6.105) 
t-»oc 2iri J 1 

where the zero energy resonance is 

Vt g := DU(-9)P' g (9)U(9)Dtt = DU(-9)P' g (9)Vt . (6.106) 

The second term converges to zero exponentially fast as t — > oo, since 

1 r°° 

— ( ( u -i(p-e)- L^^-V^-^-^'ft, a(9)Q) = 0( e - ( "- £,) ') , (6.107) 

2^ J-oo 

where < e' < e < \Im9\ = /i. 
□ 
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6.4 Existence of the deformed time evolution 

In the following we let 

A(t) :=C + gV tot (t) (6.108) 

where V tot (t) equals V(t) - JV(t)J or V(t) - JA~ 1/2 V(t)A 1/2 J, ie, A(t) = C g (t) or 
L*(t). We also make the following assumption. 

(C n .7) Assume (C n .l) if A(t) = C g , and assume (C n .3) if A(t) = L*. (see section 4.4) 

Let U(t) be the propagator generated by A(t), and which satisfies the initial value 
problem 

d t V(t) = -iA(t)V(t) , U(t = 0) = 1 , (6.109) 

ie, U(i) = I7 fl (t) if A(t) = £ ff (f), and U(i) = U g (t) if A{t) = L* g (t). (Remark regarding 

the notation: In the previous section, U g was generated by L g , but it will denote the 
propagator generated by L* here.) 

Choose 9 G I~(6), where 5 appears in assumption (C„.7), and let A(t, 9) : = 
U(9)A(t)U(—9). The deformed time evolution is given by the propagator U(t,t',9) 
which satisfies the initial value problem 

dtU(t, t', 6) = -iA(t, 0)U(t, t', 6) , U(t, t,9) = l. (6.110) 

The following two Lemmas guarantee the existence of U(t, t', 9). Let £ \ C (L 2 (R; £>)) 
the set of entire states for Ui (9) , C = <g> H s <g> (D (C Ul ) n Si ) <g> • • • <g> (£> (£ TC ™ ) n £„) , 
and 

C := sup sup \\V tot (t,9)\\ . (6.111) 
teR eel- (5) 

Lemma 6.11 

Assume (C n .7), choose 9 G I~(S) U R and |g| < and fix t G R. Then 

(i) A(t,9) with domain V generates a contraction semi-group e - l(J Mtfi) ^ a > q on 
H, such that 

\\{iA{t,9) -zY l \\ < iReiz + C)^ 1 , (6.112) 

for Rez < 0. 

(ii) The B(H)-valued function e ^ A (m j s analytic in 9 G I~(5). For 0' G R and 
9 G /"(<*) UR, 

U{9')e- laA ^ e) U{-9') = e —^(W) . (6.113) 
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Proof. Claim (i) follows from Phillip's Theorem for the perturbation of semigroups 
(see [Kal] chapter IX). Analyticity of e- l(xA \tfi) and ()6.113|) follow from assumption 
(C n .7), the resolvent equation 

(A(t, 9) - z)- 1 = (£ o (0) - z)-\l + \ tot {t, 9)(C (9) - z)- 1 )- 1 , 

U(9')A(t, 9)U{-9') = A(t, 9 + 9') , 



and the fact that 



e -icA[t,B) = _±_ / e -«( iA ( tj0 ) _ z \-l dz ) 

2m 



r 

where T is a contour encircling the spectrum of A(t). □ 
Lemma 6.12 

Assume (C n .7) and let 9 G /~(5) U R, \g\ < g±. Then fl6.11(jp generates a unique 
propagator XJ(t,t', 9) such that the following hold. 

(i) U(t, t', 0)U(f, t", 0) = U(t, t", 0) for £ > t' > t". 

(ii) \J(t,tf,9)V C £>, and for ip G V, U(t, t', 9)ip is differentiable in t and t such 
that 

dtU(t,t',9)ip = -iA(t,9)U(t,t',9)ip , (6.114) 
fyU(*, t', 9)ip = iU(t, t', 9)A(t', 9)ip . (6.115) 

(hi) For 9' G R, 

£/(0')U(t, t', 9)U(-9') = XJ(t, t', 9 + 9') . (6.116) 
Moreover, XJ(t,t',9) is analytic in 9 G I~(8). 

Proof. Claims (i) and (ii) are consequences of Kato's Theorem [Ka2], to which we 
refer the reader. Without loss of generality, rescale time such that t = ts, s G [0, 1], 
and let A n {sT,9) = A(rJ, 9) for n G N+ and s G g, b £ L ],k = 0, •• • ,n-l. Moreover, 
define U n (rs, ts', 0) = e - ir ( s - s ') A "( T ^ e ) if \ < s' < s < *±1, and V n {Ts,Ts',9) = 
U n (rs, ts", fl)U n (rs", ts', 9) if < s' < s" < s < 1. It follows from Lemma 6.11 that, 
for 9' G R, 

U(9')U n (rs, ts', 9)U{-9) = U n (rs, ts', 9 + 9') , 

and that U n (rs, ts', 9) is analytic in 9 G /~(5), where 5 appears in (C n .7). Claim 
(iii) follows by taking the n — > oo limit. □ 
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Chapter 7 



Isothermal theorem and 
(reversible) isothermal processes 

In this chapter, we investigate isothermal processes of a finitely extended, driven 
quantum system E in contact with an infinite heat bath 1Z at inverse temperature 
/3 from the point of view of quantum statistical mechanics. A theorem characteriz- 
ing reversible isothermal processes as quasi-static processes ("isothermal theorem") 
is described, which is an adiabatic theorem for states close to thermal equilibrium 
at constant temperature. We also discuss corollaries of this theorem and their phys- 
ical significance pertaining to the changes of entropy and free energy in reversible 
isothermal processes and on the th law of thermodynamics. 

As discussed in chapter 2, the dynamics of a system composed of a small system 
E with a finite dimensional Hilbert space coupled to an infinitely extended disper- 
sive reservoir is generated by a (generally time-dependent) thermal Hamiltonian, or 
standard Liouvillean, 

C g {t) := £o(t) + g(t)I , (7.1) 

where 

Co(t) = (1®1)®£$+ (H$(t) <g> 1) <g> 1 - (1 <g> H^(t)) <g> 1 (7.2) 

is the Liouvillean of the uncoupled system, £^ is the Liouvillean of the heat bath, 
Hf(t) is the Hamiltonian of the small system, and where g(t)I is a spatially localized 
term describing the interactions between 1Z and E, with a time-dependent coupling 
constant g(t). 

We will only consider heat baths with a unique equilibrium state at each 
temperature (ie, with no phase coexistence). We have seen in chapters 3 that if 
£o(t) = £o and g{t) = g are independent of t, for t > £*, "return to equilibrium" 
holds true if we can prove that £ g has a simple eigenvalue at and that the spectrum, 
a(£ g ), of £ g is purely continuous away from 0. The eigenvector, Qp = Q^ vn , of £ g 
corresponding to the eigenvalue is the thermal equilibrium state of the coupled 
system E V 1Z at temperature (ksP) -1 - Under suitable hypotheses on 1Z and E, we 
have shown the property of RTE in the mixing case is described by an exponential 
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law involving a finite relaxation time, tr] (see chapters 5 and 6 where the property 
of RTE has been verified for physical models). 

If the interacting Liouvillean C g (t) of E V 1Z depends on time t, but with the 
property that, for all times t, C g (t) has a simple eigenvalue at corresponding to 
an eigenvector £lp(t), then Qp(t) can be viewed as an instantaneous equilibrium (or 
reference) state, and r^(t) is called instantaneous relaxation time of E V 1Z. Let r be 
the time scale over which C g (t) changes appreciably. Assuming that, at some time to, 
the state , ^(t ), of E VIZ is given by flp(t ), it is natural to compare the state of 
E VIZ at a later time t with the instantaneous equilibrium state flp(t) and to estimate 
the norm of the difference ty(t) — Qp(t). One would expect that if r 3> sup t T-R.(f), 
then 

In this chapter, we prove an adiabatic theorem for states close to thermal equilib- 
rium, which we call "isothermal theorem" , saying that 

™ Cl p (t) , (7.3) 

for all times t > to- The physical consequences of this theorem have been sketched 
in chapter 2; e.g., to show that quasi-static (r — > oo) isothermal processes are re- 
versible and that, in the quasi-static limit, a variant of the th law holds. We propose 
general definitions of heat flux and of entropy for trajectories of states of E V 1Z sam- 
pled in arbitrary isothermal processes and use the isothermal theorem to relate these 
definitions to more common ones from equilibrium statistical mechanics. 

7.1 An adiabatic theorem 

In this section we carefully state and prove an adiabatic theorem, which is a slight 
improvement of results in [AE,Te] concerning adiabatic theorems for Hamiltonians 
without spectral gaps. Our simplest result follows from those in [AE,Te] merely by 
eliminating the superfluous hypothesis of semiboundedness of the generator of time 
evolution. 

Let Ti be a separable Hilbert space, and let {L(s)} se i, with I C R a compact 
interval, be a family of selfadjoint operators on Ti with the following properties: 

(H7.1) The operators L(s), s G /, are selfadjoint on a common domain, T>, of definition 
dense in Ti. 

(H7.2) The resolvent R(i, s) := (L(s)— i)~ l is bounded and differentiable, and L(s)R(i, s) 
is bounded uniformly in s G /, where ( ) denotes the derivative with respect to 
s. 
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Lemma 7.1 (Existence of time evolution). If assumptions (H7.1) and (H7.2) hold then 
there exist unitary operators {U(s, s')\s, s' G 7} with the properties: 
For all s, s', s" in 7, 

U(s, s) = l, U(s, s')U(s', s") = U(s, s") , 

U(s,s') is strongly continuous in s and s', and 

i£-U(s,s , )* = L(s)U{s,s')* , (7.4) 

for arbitrary f e D, s, s' in 7; (U is called a "propagator''' ). 

Proof. Note that A(s) := iL(s) + 1 is a generator of a contraction semigroup, 
which follows from the fact that A(s) satisfies the conditions of the Yosida-Hille 
theorem: (— oo,0] G p(A(s)) and ||(A + A(s)) _1 || < j- for all A > and every 
s G 7, where p(A(s)) is the resolvent of A(s) (see, for example, Theorem X.47 in 
[RS2]). Furthermore, G p(A(s)), for s,s' G 7, A(s')A(s) _1 is bounded by the 
closed graph theorem and (H7.1), and for small \s — s'\, \\(s' — s)A(s')~ 1 A(s) — 1|| = 
||A _1 (s)A(s)|| + o(\s - s'\) is bounded due to (H7.2). Hence, by Theorem X.70 in 
[RS2] (or Theorem 2 in Chp XIV [Yo], section 4), U T (s, s'), which satisfies the initial 
value problem 

d s U(s,s') = -tA(s)U(s,s') ; U(s,s) = 1 , 

exists uniformly in s, s' G 7 and s' < s. The existence of the unitary evolution U (s, s') 
follows by noting that U(s, s') = U(s, s')e (s - s "> T . □ 

In order to prove an adiabatic theorem, one must require some additional assump- 
tions on the operators L(s). 

(H7.3) We assume that L(s) has an eigenvalue A(s), that {P(s)} is a family of finite 
rank projections such that L(s)P(s) = A(s)P(s), P(s) is twice continuously 
differentiate in s with bounded first and second derivatives, for all s G 7, and 
that P(s) is the spectral projection of L(s) corresponding to the eigenvalue A(s) 
for almost all s G 7. 

We consider a quantum system whose time evolution is generated by a family of 
operators 

L T (t):=L(-), -=:sel, (7.5) 
r r 

where {L(s)} se i satisfies assumptions (H7.1)-(H7.3). The propagator of the system 
is denoted by U T (t,t'). We define 

U {T \s,s') := U t {ts,ts') (7.6) 

and note that U^^s, s') solves the equation 

Q 

i—U {T \s, s')# = tL(s)U {t \s, s')* , * G P , (7.7) 
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and U^(s,s) = 1. 
Next, we define 



L a (s) :=L(s)+~[P(s),P(s)] (7.1 



and the corresponding propagator, Ua (s, s'), which solves the equation 

i^-UP(s,s')* = TL a (s)UP{s,s')% *eP, (7.9) 

and uP(s,s) = 1. The propagator uP describes what one calls the adiabatic time 
evolution. (Note that the operators L a (s),s G I, satisfy (H7.1) and (H7.2), since, by 
(H7.3), 1 [P(s), P(s)] are bounded, selfadjoint operators with bounded derivative in 
s.) 

Theorem 7.2 (Adiabatic Theorem). 

If assumptions (H7.1)-(H7.3) hold then 

(i) UP(s',s)P(s)UP(s,s') = P(s') (intertwining property) , 
for arbitrary s,s' in I, and 

(ii) lim sup \\U ir) (s,s') - UP(s,s')\\ = . 
T -*°° s ,s'el 

Proof. The proof essentially follows that of [Te] . 

(i) Equality trivially holds when s = s'. Moreover, the derivative of the LHS with 
respect to s is zero 



s, s 



d s [Ui T) (s',s)P(s)U^(s,s')} 

= UP (s>, s)P(s)UP (s, s>) + U^ (s>, s)P(s)UP (s, s') + UP (s' , s)P(s)U£ 
= -UP (s', s) [P(s)P(s) + P(s)P(s)]UP (s, s') + UP (s', s)P(s)UP (s, s>) 
= 0, 

using equations (|7.7|) and ()7.9|) . assumption (H7.3) and the fact that P(s)P(s) + 
P(s)P = P(s) (the latter follows from differentiating P 2 (s) = P(s)). 

(ii) We will use Cook's argument and an extension of Kato's commutator equation 
for cases when there is no spectral gap. 

Consider ip eP. Using the Duhamel formula, 



{U<?\s,s')-U<r\a,sl))4 = - J dud u (U^(s,u)UP(u,s'))^ 

= - [ duU {T) (s,u){P(u),P(u)\Up ) (u,s')i) . 
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Since V is dense in H, it follows that 

1 1 M (s, s') - U£) ( s , s >) 1 1 = 1 1 £ duU^ (s, u) [P(u) , P(u)]U£) („, s ') 1 1 . 

Now, using the commutator equation 

[P(«),P(«)] = [L(u),X e (u)]+ieX £ (u) , 

where X e (w) = R(X(u) — ie,u)P(u)P(u) + P(u)P(u)R(X(u) + «e, w), one can 
write the integrand as a total derivative plus a remainder. One may check that 
the commutator equation is satisfied by direct substitution. 

We claim that there is a constant C < oo such that, for small enough e, 

(a) \\X e (u)\\<°, 

(b) \\Xe(u)\\ < ° 2 , 

(c) lime 1/2 ||X e ( M )|| = 0. 

Inequality (a) is a direct consequence of assumptions (H7.1) and (H7.3), 

\\R(X(u) - ie,u)P(u)P(u)\\ < \ \R(X(u) - ie,u)\\\\P(u)P(u)\\ 

C 
< — . 

e 

To prove inequality (6), note that, using the resolution of the identity, 



R(X(u) - ie, u) = -R{X{u) - ie, u) (L(u) - X{u))R{X{u) - ie, u) 
= —R(i, u) (L(s) — i — X{u) + X(u) —ie + ie) x 

x R(X(u) — ie, u)(L(u) — X(u))R(X(u) — ie, u) 
= -R(i,u)(L(u) - X(u))R{X(u) -ie,u)- 

— (A(-u) — ie — i)R{i, u)R(X{u) — ie, u)(L{u) — X{u))R(X{u) — ie, u) , 

and that X{u) = Tr ^|^j"- ) - > is continuously differentiable since P{u) and L{u) 
are differentiable. 

Inequality (b) now follows from assumptions (H7.1)-(H7.3) for small enough e. 

In order to prove (c), consider ip G T>, and let y?(w) := P(u)P(u)ifj. Since 
P{u)P(u)P{u) = 0, it follows that 

P(u)(p(u) = P(u)(l - P(u))P(u)P(u)il> = . 
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Now, using the spectral theorem, 

lim ||e 1/2 X e (w)^|| 2 = ]im2e{R{\(u) - ie,u)ip(u),R(\{u) - ie,u)(p(u)) 
= ]im2e{<p(u), R(X(u) + ie, u)R(X(u) — ie, u)<p(u)) 

= lim2/ d^ {u) {7])- ,, e ,, 2 2 

= 2(i ip ( u )(\(u)) = , 

since <p(u) G -fTer{P(s)}. 
Furthermore, using (|7.7j) and (|7.9j) . 

|| r^W( S , M )[L( M ),X e ( M )][/W( M ,sOII < -sup{(2||P( S )P( S )||+l)||X e ( S )|| + ||X e ( S )||} . 

(7.10) 

From (H7.3), equation (|7.1jl . and estimates (a) — (c). (|7.1()jl . it follows that 

«') - t^( a , < - + 4 + el/2c< ( e ) > ( 7 - n ) 

re re z 

where A, B < oo are constants independent of e, and lim e ^ C(e) = 0. The 
second claim in the Theorem follows if we choose e such that e — > and re 2 — ► oo 
as r — > oo. □ 

Remarks. 

(1) We note that U^(s', s) = U^(s, s')*. 

(2) With more precise knowledge about the nature of the spectrum of {L(s)}, one 
can obtain information about the speed of convergence in (ii), as r — > oo; see chapter 
8. 

(3) Adiabatic Theorem for Resonances. This result resembles the adiabatic the- 
orem described above, but eigenstates of L(s) are replaced by resonance states, and 
one must require the adiabatic time scale r to be small as compared to the life time, 
T res (s), of a resonance of L(s), uniformly in s e /. (For shape resonances, the tech- 
niques in [FP] are useful; see [A-SF1].) 

7.2 The isothermal theorem 

In this section, we turn to the study of isothermal processes of "small" driven quantum 
systems, S, in diathermal contact with a heat bath, TZ, at a fixed temperature (kfi)^ 1 . 

Let £g(t) := £> g {~) denote the Liouvillian of the coupled system E V 1Z, where 
{£ g (s)} S £i is as in eqs. (|7.1|) and ()7.2j) of section 7.1 and satisfies assumptions (H7.1) 
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and (H7.2) of section 7.2. The interval 

I T = {t | - G I C R} 

T 

is the time interval during which an isothermal process of £ V 1Z is studied. 

We assume that £ is driven "slowly", i.e., that r is large as compared to the 
relaxation time = max sgi - r^(s) of £ V 

Assumption (H7.3) of section 7.2 is supplemented with the following more specific 
assumption. 

(H7.4) For all s G / = [so,si], the operator C g (s) has a single, simple eigenvalue 
X(s) = 0, the spectrum, a(C g (s))\{0}, of £ 9 (s) being purely continuous away 
from 0. It is also assumed that, for s < sq, C g (s) = C g is independent of s and 
has spectral properties sufficient to prove return to equilibrium, as discussed in 
chapters 5 and 6. 

Let flp(s) G H denote the eigenvector of C g (s) corresponding to the eigenvalue 0, 
for s < s\. Then ^3(7) is the instantaneous equilibrium state of £ V 1Z at time t. Let 

p g {s) = \n,{s)){n,{s)\ (7.12) 

denote the orthogonal projection onto ^lp(s); P g (s) is assumed to satisfy (H7.3). 
Let \l/(t) be the "true" state of £ V 1Z at time t; in particular 

M>(0 = £/.(MW) , 

where U T (t,t') is the propagator corresponding to {L T (t)}; see eqs.(7.5)-(7.7), section 
7.2. By the property of return to equilibrium and assumption (H7.4), 

*(t) = ,t < tsq , (7.13) 

for an arbitrary initial condition \&(— 00) G H at t = —00. 
We set 

*W(s) = *(rs) , (7.14) 

and note that, 

* (r) (s) = £/ (r) (s,so)^, (7.15) 

for s £ I. 

Theorem 7.3 (Isothermal Theorem). Suppose that C g (s) and -P 3 (s) satisfy assump- 
tions (H7.1)-(H7.4). Then 

lim sup||^ (r) (s) -nds)\\ = . 

r ^°° sei 
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Proof. This follows readily from equations (7)-(9), (12) and (15), and the Adia- 
batic Theorem (Theorem 7.2) of Sect. 7. 2. □ 
Remarks 

(1) We define the expectation values (states) 

uf(a):=(Q p (-),^p(-)) (7.16) 

T T 

and 

p t (a) :=<*(*), fl*(*)), (7.17) 

where a is an arbitrary bounded operator on TC = 7i Sv7 ^. Then the isothermal 
theorem says that 

p t (a)=uj^a) + e { t T \a), (7.18) 

where 

l im M^M = o , (7.19) 

r^oo a 

for all times t 6 I T . 

(2) In chapter 8, we show that if the complex spectral deformation techniques, as 
developed in chapter 6, are applicable to the analysis of the coupled system E V 1Z 
then 

\4 T \a)\ < 0(r-')\\a\\ ; (7.20) 

(3) All the assumptions (H7.1)-(H7.4), are admissible for the classes of systems 
for which RTE has been established, such as a quantum dot interacting with electrons 
in a metal or a spin impurity interacting with magnons in a magnet; see chapters 5 
and 6. For example, suppose that, for a system which is at equilibrium at s — 0, the 
perturbation Hamiltonian V(s) is such that 

(a) sup s6/ ||F( S )-F(0)||<oo, 

(b) V(s) and V(s) are bounded , 

(c) V(s) is such that the system possesses the property of RTE at each fixed s e I, 
then all the assumptions are satisfied. 

(i) Assumption (H7.1) trivially follows from (a), since the perturbation is bounded. 

(ii) Assumption (H7.2) follows from (a) and (b) and the resolvent equation 

{C g - i)- 1 = (C - + gI(Co - i)' 1 )- 1 ■ 

(iii) Assumptions (H7.3) and (H7.4) follow from (b), (c), ()7.12|) and the Dyson ex- 
pansion of the instantaneous equilibrium state when the perturbation has finite 
norm (see chapter 3). 
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7.3 (Reversible) isothermal processes 



In this section, we study general isothermal processes and use the so called isothermal 
theorem to characterize reversible isothermal processes. 

It will be convenient to view the heat bath 1Z as the thermodynamic limit of an 
increasing family of quantum systems confined to compact subsets of physical space, 
as discussed in [Rul,BR] and in chapter 3. The pure states of a quantum mechanical 
system confined to a bounded region of physical space are unit rays in a separable 
Hilbert space, while its mixed states are described by density matrices, which are 
positive trace-class operators with unit trace. Before passing to the thermodynamic 
limit of the heat bath, the dynamics of the coupled system, £ V 7Z, is generated by a 
family of time-dependent Hamiltonians 

H{t) = H^ n (t) := H*(t) + H n , (7.21) 

where 

H*(t) = H*(t)+g(t)W , (7.22) 

H^it) is as in section 7.1, and W is the interaction Hamiltonian (as opposed to the 
interaction Liouvillian, I = adw, introduced in section 7.1). 

Let P(t) denote the density matrix describing the state of the coupled system, 
£ VIZ, at time t, (before the thermodynamic limit for 1Z is taken). Then P{t) satisfies 
the Liouville equation 

P(t) = -i[H(t),P(t)]. (7.23) 

The instantaneous equilibrium-, or reference state of the coupled system is given, 
in the canonical ensemble, by the density matrix 

P?(t) = Z\t)- X e~ m ^ , (7.24) 

where 

Z?(t) = Tr{e- pH ®) (7.25) 

is the partition function, and Tr denotes the trace. We assume that the thermody- 
namic limits 

Pt {-)=TD\imTr{P(t){-)) (7.26) 
cf(.) = TDlimTr(P /3 (t)(-)) (7.27) 

exist on a suitable kinematical algebra of operators describing £ V 1Z. 

The equilibrium state and partition function of a finitely extended heat bath are 
given by 

Pi = (Z^-V***, (7.28) 
= Tr(e-^) , (7.29) 
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respectively. 

Next, we introduce thermodynamic potentials for the small system E: The internal 
energy of E in the "true" state, p t , of E V 1Z at time t is defined by 

U*(t):=p t (H*(t)) (7.30) 

and the entropy of E in the state p t at time t by 

S*(t) := -k TD\imTr(P(t)[lnP(t) - ZnP&]) . (7.31) 

Note that we here define S E (t) as a relative entropy (with the aim of subtracting the 
divergent contribution of the heat bath to the total entropy). It follows from a general 
inequality for traces that* 

S^{t) < . (7.35) 
The free energy of E in an instantaneous equilibrium state, u;f , of E V 1Z is defined 

by 

F s (t) := -kTTDhmln(^) . (7.36) 
z n 

* Lemma. Consider / a real convex function on R, and A and i? selfadjoint operators on a Hilbert 
space H with discrete spectrum such that f(A) and f(B) are trace-class. Then 

Tr(f(B) - f(A)) >Tr(f(A)(B - A)) . 

If / is strictly convex, equality holds only when A = B. 

Proof. Let {V'j j^o ^ e an eigenbasis of B, such that Bipj = bjipj. Moreover, for ip e H, let 
Cj := {ipj,ip). Then 

j 

> /(E| Cj |\) = /((V,^)), (7.32) 
j 

where we have used the convexity of / in the last line. Convexity of / also gives 

f((il>, Btp)) > /((V>, Aip)) + /'((^, AV>))(V, (B - A)V> • (7.33) 
When V is an eigenvector of ^4, the RHS of the above inequality becomes 

W,\f(A) + f'(A)(B-A)]1>). (7.34) 
Summing over an eigenbasis of A gives 

Tr(f(B) - f(A)) >Tr(f(A)(B - A)) . 
In particular, for f(x) = xlog(x) and A > 0, B > 0, we have 

Tr(A log A - A log B) > Tr(A — B). 
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Next, we define quantities associated not with states but with the thermodynamic 
process carried out by E V TZ: the heat flux into E and the work rate, or power, of E. 
Let 5 denote the so called inexact differential. Then 



dt (t)--=TD\ T --Tr(P(t)H«), (7.37) 
and 

— (t) := fH(H*(t)) . (7.38) 

We are now prepared to summarize our main results on isothermal processes. 
The first two results are general and concern the first law of thermodynamics and 
the relationship between the rate of change of entropy and the heat flux into E. 
The remaining three results are corollaries pertaining to free energy and changes of 
entropy in reversible isothermal processes, i.e., processes in which states are sampled 
at equilibrium, and on the zeroth law of thermodynamics. 

(1) From definitions (7.28), (7.32) and (7.33) and the Liouville equation (7.21) it 
follows that 

which is the first law of thermodynamics. 

(2) Note that, by the unitarity of time evolution and the cyclic invariance of the 
trace, 

±Tr(P(t)lnP(t)) = , 

and 

jTr(P(t)lnZ^ = ±lnZ£ = . 
Together with definitions (7.26), (7.29) and (7.32), this implies that 

S*(t) = ^(t) , (7.40) 

for arbitrary isothermal processes at temperature T = 

(3) Next, we consider an isothermal process of E V TZ during a finite time interval 
I T = [tsq,tsi], with so an d si fixed. The initial state p TSQ of E V TZ is assumed to 
be an equilibrium state w!f s of the Liouvillian L T (rso) = L(sq). We are interested 
in the properties of such a process when r becomes large, i.e., when the process is 
quasi-static. 

Result. Quasi-static isothermal processes are reversible (in the sense that all in- 
termediate states pt of E V TZ, t e I T , converge in norm to instantaneous equilibrium 
states u>t, as r — > oo). 
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This result is an immediate consequence of the isothermal theorem. It means 
that, for all practical purposes, an isothermal process with time scale r is reversible 
if r > tti = max se/ r n (s). 

(4) For reversible isothermal processes, the usual equilibrium definitions of internal 
energy and entropy of the small system S can be used: 

UL(t)--=^(H*(t)), (7.41) 



S? ev (t) := —k TD\imTr(P%t)[lnPP(t) - lnP n }) = ^{Uf ev {t) - F s (t)) , (7.42) 

where the free energy -F E (t) has been defined in (7.31), and the second equation in 
(7.37) follows from (7.22), (7.26), (7.31) and (7.36). Eqs.(7.37) and (7.31) then imply 
that 

S^(t) = ±(^(H*(t))-<4(H*(t)))- 
Recalling (7.34) and (7.35), and applying the isothermal theorem, we find that 

S E (t) - Sf ev (t) , (7.43) 

' (t)^F^(t), (7.44) 



dt 



as r — > oo. 

(5) We conclude this chapter by considering a quasi-static isothermal process of 
EVK with -£T s (s) — > Hq, g(s) — > 0, as s / si, i.e., the interactions between 1Z and 
£ are switched off at the end of the process. Then the isothermal theorem implies 
that 



lim lim p rs — uj^® cu^ , (7-45) 

T— *OQ S /S\ 



^OO S /s\ 

where oo^(-) = TD\im n (Z^)- l Tr(e^^ Hn ■), see (7.26), and 

= (Z^Trie-^o ■) (7.46) 

is the Gibbs state of the small system E at the temperature {kf3)~ l of the heat bath, 
independently of the properties of the diathermal contact (i.e., of the interaction 
Hamiltonian W), assuming that (H7.1)-(H7.4) hold for s < s±. 

This result is part of the zeroth law of thermodynamics, as discussed in chapter 

2. 
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Chapter 8 



Adiabatic theorems in 
nonequilibrium quantum statistical 
mechanics 

In this chapter, we prove a novel adiabatic theorem which is general enough to handle 
generators of time evolution that are not necessarily normal or bounded. We discuss 
two applications of this theorem in non-equilibrium quantum statistical mechanics: an 
adiabatic theorem for states close to non-equilibrium steady states, and an isothermal 
theorem with an explicit rate of convergence to the instantaneous equilibrium state 
in the quasi-static limit. 

8.1 A general adiabatic theorem for (non-) normal 
and (un) bounded generators of time evolution 

Consider a family of closed operators {A(t)},t G R acting on a Hilbert space Ti. 
We make the following assumptions on A(t) in order to prove the existence of a time 
evolution and to prove an adiabatic theorem. All of these assumptions will be verified 
in the applications we consider later in this chapter. 

(H8.1) A(t) is a generator of a contraction semi-group for all t G R. 

(H8.2) A(t) have a common dense domain V C H for all t G R. 

(H8.3) For z G p(A(t)), the resolvent set of A(t), let R(z,t) := (z - A(i)) -1 . Assume 
that R(—l,t) is bounded and differentiable as a bounded operator on H, and 
that A(t)R(—l, t) is bounded, where the Q stands for differentiation with respect 
to t. Moreover, assume that for every e > 0, — e G p(A(t)). 

Let U (t) be the propagator that satisfies 

d t U(t)ijj = -A(t)U(t)ip , U(t = 0) = 1 , i) G V , (8.1) 
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for t > 0. 
Lemma 8.1 

Suppose that assumptions (H8.1)-(H8.3) hold. Then the propagator U(t) satisfy- 
ing (j8.1|) exists and is unique, and ||{7(i)^|| < 

Proof. For t,t' G R, A{t')A{t)~ 1 is bounded by the closed graph theorem and 
(H8.2) (see [RS2]). Moreover, for small \t-t'\, 1 1 (^'— t ) ^.(t') (^) — 1 1 1 = + 
o(\t — t'\), which is bounded due to (H8.3).By Theorem X.70 in [RS2] (or Theorem 2 
in Chp XIV [Yo], section 4), this implies, together with (H8.1), that U(t) exists and 
is unique. Furthermore, choose e > and let U(t) be the propagator generated by 
A(t) + e. Then from (H8.3), G p(A(t) + e), and hence by Theorem X.70 in [RS2], 
U(t) is a contraction semigroup for t > 0. In particular, || £/(£)?/> || < 1 (for ||-0|| = 1). 
We also have \\U{t)\\ = e et \\U(t)\\. Taking the limit e -> gives \\U(t)ip\\ < 1. □ 

Assume that A(t) = A(0) for t < 0, and that it is perturbed slowly over a time 
r such that A^ T \t) = A(s), where s := - G [0, 1] is the reduced time. The following 
two assumptions are needed to prove an adiabatic theorem. 

(H8.4) The eigenvalue A(s) G o~(A(s)) is isolated and simple, such that 

dist{X{s),a{A(s))\{X{s)}) > 5, 

where 5 > is a constant independent of s G [0, 1], and A(s) is continuously 
differentiate in s G [0, 1]. 

(H8.5) The projection onto A(s), 

Px(s):=^-(f R(z,s)dz, (8.2) 

where 7a(s) is a contour enclosing A(s) only, is twice differentiable as a bounded 
operator. 

Note that, since A(s) is simple, the resolvent of A(s) in a neighborhood jV of A(s) 
contained in a ball B(A(s),r) centered at A(s) with radius r < 5 is 

i?(2;, S) = ^-^r + R a nalytic(z, s) , (8.3) 

where R an aiytic(z, s) is analytic in Af. We list some useful properties of the resolvent 
and the spectral projection P\(s). 

(i) It follows by direct application of the contour integration formula that 

(Px(s)) 2 = P x (s) , (8.4) 

and hence 

P x (s)P x (s)P x (s) = . (8.5) 



130 



A(s)P x (s) = P x (s)A(s) = X(s)P x (s) . (8.6) 

Proof. 

A(s)P x {s) = ^-l (A(s) -z + z)(z- A(s)Y l dz 

= 7T~{~ f dz+ (p ( + zR ana i ytic )dz} 

2m 7 7A(S) / 7a(s) z-X(s) 

and similarly, P x (s)A(s) = X(s)P x (s). 

(iii) It follows from ()8.3j) and (H8.4) that, for r\ £ C and | < \rj\ < 5, there exists a 
constant C < oo, independent of r], such that 

\\R(X(s)+ Vl s)\\<C , (8.7) 

uniformly in s 6 [0,1]- Moreover, since (A(s) + r]) G p(v4(s)), it follows by 
the spectral mapping theorem (see for example [Yo], Chp. VIII, section 7) and 
(H8.3) that R(X(s) + rj, s) is twice differentiable as a bounded operator.* 

We now discuss our general adiabatic theorem. Let U T (s,s') be the propagator 
satisfying 

d s U T (s, s') = -tA(s)U t (s, s') , U T (s, s) = 1 , (8.8) 
for s > s'. Moreover, define the generator of the adiabatic time evolution, 

A a (s):=A(s)--[Px(s),P x (s)], (8.9) 

T 

with the corresponding propagator U a (s, s') which satisfies 

d s U a (s, s') = -rA a (s)U a (s, s') ; U a (s, s) = 1 , (8.10) 

for s > s'. 

By Lemma 8.1 and (H8.1)-(H8.3) and (H8.5), both propagators U T (s,s') and 
U a (s,s') exist and are unique, and ||C/ r (s, s')\\, \\U a (s, s')\\ < C for s > s', where 
C is a finite constant independent of s, s' G [0, 1]. 

We are in a position to state our adiabatic theorem. 

Theorem 8.2 (A general adiabatic theorem) 

Assume (H8.1)-(H8.5). Then the following holds. 

*This follows from the fact that, for z,u> E p(A), 

{z - A)- 1 = (1 + (z - w)(w - A)- 1 )- V - A)- 1 . 
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(i) 

P x (s)U a (s,0) = U a (s,0)P x (0) , (8.11) 
for s > (the intertwining property). 

(ii) sup se[0jl] \\U T (s,0) - U a (s,0)\\ = 0(t- 1 ) as r -> oo. 

Proof. 

(i) Equality holds trivially for s = 0, since U a (s, s) = 1. Let 

s') := E/«(s, sOPx^')^', 0) , (8.12) 

for < s' < s, and 

g(s):=U a (s,0)P x (0), (8.13) 

for < s. 

Using (jHSl), dSTTDD , the definition of A a (s) and the fact that P x (s)P x (s) + 
P x (s)P x (s) = P x (s), it follows that 

d s ,h(s,s') = d s ,(U a (s,s')P x (s')U a (s',0)) 

= rU a (s, s'){A a (s')P x (s') - P^A^jUais', 0) + U a (s, s') P x (s')U a (s' , 0) 
= U a (s, s '){-P x (s')P x (s') - P x (s')P x (s') + P x (s')}U a (s' , 0) 
= . 

Note also that d s 'g(s) = and h(s, s' = 0) = g(s). Furthermore, 

d s h(s, s') = -rA a h(s, s') , (8.14) 

d s g(s) = -TA a g(s) , (8.15) 

h(s = 0,s' = 0) = g(s = 0) . (8.16) 

Together with assumptions (H8.1)-(H8.3) and (H8.5), it follows that 

h(s,s') = g(s) . 

In particular, when s' = s, 

P x (s)U a (s,0) = U a (s,0)P x (0) . (8.17) 

(ii) Consider ip E T>, where the dense domain T> appears in assumption (H8.2). 
We are interested in estimating the norm of the difference (U T (s) — U a (s))ip as 
r — ► oo. Using ()8.8|) . (j8.10j) and the Duhamel formula, 



(U T (s,0)-U a (s,0))i; = - / ds'dAUris^s^Uais'^))^ (8.18) 

'o 

ds'(U T (s,s')[P x (s'),P x (s')]U a (s',0))^ . (8.19) 
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Let 

X{s):=—l dzR(z,s)P x (s)R(z,s) , (8.20) 

where 7a(s) is a contour of radius 5/2 centered at A(s), and where 5 appears in 
(H8.4). Then 

[X(s),A(s)} = dz[z-A( S ),X(s)] (8.21) 

= Px{s)P x {s) - Px{s)Px{s) = [Pa(s), P a (s)] • (8.22) 

Assumptions (H8.3),(H8.4) and the spectral mapping theorem imply that, for 
z G 7a(s) C p(A(s)), R(z, s) is different iable as a bounded operator. Together 
with (H8.5), this implies that, 

< d, (8.23) 
||X( S )|| < C 2 , (8.24) 

where Ci and are finite constants independent of s G [0, 1]. Moreover, 
U T (s,s')[X(s'),A(s')}U a (s',0) = -{-d s/ U T ( Sj s')X(s')U a (s',0) 

T 

+ U T (s, s')(X(s')[P x (s'), P x (s')})U a ( S ', 0) + U T (s, s')X(s')U a (s', 0)} . 

Together with (|8.22jl . one may write the integrand in (|8.18|) as a total derivative 
plus a remainder term. Using the fact that T> is dense in 7i and (H8.5), 

||^ T (s,0)-C^(s,0)|| < i[C 1 ||A'(s)|| + C 2 ||A'(s)||] , (8.25) 

r 

where C iy i — 1,2 are finite constants independent of s G [0, 1]. 
Together with flPH)) and JHHJ), this implies 

\\U T (s,0)-U a (s,0)\\<- , (8.26) 

r 

as r — > oo, where C < oo is independent of s G [0, 1]. □ 



.Remarks. 

(1) One may improve the results of Theorem 8.2 (also to cover the case of eigen- 
value crossing) by making further smoothness assumptions on A(s) and applying 
methods developed, for example in [J,Ne]. 

(2) An application of Theorem 8.2 other than in NEQSM is an adiabatic theorem 
for quantum resonances. [A-SF1] 
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8.2 Application 1: an adiabatic theorem for non- 
equilibrium steady states (NESS) 

In this section, we consider again the C n paradigm of a two level system coupled to n 
fermionic reservoirs (see chapter 4, section 4). It is important to note that the result 
can be generalized to bosonic reservoirs, but the analysis will be technically more 
cumbersome since the interaction in the bosonic case is unbounded. 

Together with assumptions (C n .2), we assume (C n .4), ie, that V T (t) = V(s), where 
s G [0, 1] is the rescaled time with sufficient smoothness properties to apply Theorem 
8.2. From Proposition 6.9, we know the spectrum of the deformed adjoint of the 
C-Liouvillean L* g (t,9) = U(9)L* g (t)U(-9) for 9 G I~(k) = {z G C : -k < Imz < 0}, 
where k = min(^-,--- ,-jjj-,6), and 5 appears in assumption (C n .5). Let 7 be a 
contour only enclosing the zero eigenvalue of L*(s, 9), for all s G [0, 1], and 

J*(M):=£^(*-^M))-\ (8-27) 

the spectral projection onto the state corresponding to the zero eigenvalue of L*(s, 9), 
and let D be the positive operator as defined in Corollary 6.10, section 6.3 (ie, RanD 
dense in H and DVt = Q) 

D : = I s <g> I s <g> e ~ kA ^i ® . . . <g, e ~kAiz n ^ ( 8>2 8) 

where A n . = dT{^Jp 2 - + 1), and pj = id Uj is the generator of energy translations for 

the IZj reservoir, j — 1, • • • , n. 

Let h test = D(e k ^+ l ), and O test = ^(h* 65 *), which is dense in JF_(L 2 (R; B)), 
and define 

C := s <g> O nutest ® • • • (8) O n "' test , (8.29) 
which is dense in O. We will make the following additional assumption. 

(H8.6) The perturbation of the Hamiltonian V(s) G C for s G [0, 1]. 

In order to characterize the quasi-static evolution of nonequilibrium steady states, 
we introduce the new notion of instantaneous NESS. Define the instantaneous NESS 
vector to be 

Q g {s) := DU(-9)P' g (s, 9)U(9)DQ . (8.30) 

It is important to note that introducing the operator D is needed so that one can 
remove the complex deformation. 

We have the following Theorem, which effectively says that if a system, which is 
initially in a NESS, is perturbed slowly over a time scale r ^> tr, where tr is some 
generic time scale (tr = max sg [ 0j i] r R ( s ), where tr^ is the relaxation time to a NESS, 
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see Corollary 6.10), then the real state of the system is infinitesimally close to the 
instantaneous NESS, and the difference of the two states is bounded form above by 
a term of order 0(r _1 ). 

Theorem 8.3 (Adiabatic Theorem for NESS) 

Suppose (C n .2), (C n .4), as specified in section 4.4, and (H8.6). Then there exists 
gi > 0, independent of s G [0, 1], such that, for a G C, s G [0, 1], and \g\ < gi, the 
following estimate holds 

sup | (0,(0), IT ^"(a)^) - (n g (s), D- l att) \ = 0{t~ x ) , (8.31) 
se[o,i] 

as r — ► oo. 

Proof. The proof is reduced to mainly showing that the assumptions of Theorem 
8.2 are satisfied. Choose 9 G I~(k). It follows from assumption (C n .4) and Lemmas 
6.11 and 6.12 in chapter 6, section 3, that the deformed C-Liouvillean L*(s,9) with 
common dense domain V = T>(C Q ) fl Vi^D^ 1 ) C C(0,fl) generates the propagator 
Ug T \s, s', 9), s' < s which satisfied the initial value problem 

d s U^ r) {s,s',9) = -iTL* g {s,6)U( r) {s,s',d) , for s' < s; f/ (r) (s, s, 6) = 1. (8.32) 

This implies that (H8.1) and (H8.2) are satisfied. Furthermore, (H8.3) follows from 
the second resolvent identity 

(L* g (s, 6) - z)- 1 = (4,(0) - z)-\l + gV tot (s, 9)(C (9) - z)" 1 )- 1 > (8-33) 

where V tot has been defined in section 6.3, and assumption (C n .4). The results of 
Proposition 6.9 (section 6.3) follow from (C n .2) and (C n .4), and hence we know that 
zero is an isolated simple eigenvalue of L*(s, 6) such that dist(Q, a(L*(s, 0))\{O}) > 5, 
where 5 > is a constant independent of s G [0,1]. This implies that assump- 
tion (H8.4) holds. Again using the resolvent equation ()8.33|) and assumption (C n .4), 
Pg{s, 6) defined in (I8.27j) is twice differentiate as a bounded operator for all s G [0, 1], 
which imply (H8.5). Since (H8.1)-(H8.5) are satisfied, the result of Theorem 8.2 holds. 

P' g (s,9)U^(s,0,0) = U { a T) (s,0,6)P' g (0,6) , (8.34) 

and 

sup \\Uf\s,0,6) - Ui T \s,0,6)\\ = Oir- 1 ) , (8.35) 
se[o,i] 

asr-> oo, where Ua T \s,s',8) is the propagator of the deformed adiabatic evolution 
satisfying 

d.UP(s,0) = -itL:(s,9)U( t \s,s',9) for s' < s;U^(s,s,e) = 1 , (8.36) 

and 

L* a (s, 9) = L;(s, 9) + l -[P' g {s, 9), P' g (s, 9)] . (8.37) 
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(Here, the () stands for differentiation with respect to s.) 

For h the single particle Hamiltonian of the free fermions (see section 4A),e lht 

leaves D(e ky ^ p2+1 ) invariant. Therefore, for a G C, (^(a) G C, where a f corresponds 
to the free time evolution. Moreover, together with assumption (H8.6) and the bound- 
edness of V, this implies (using a Dyson series expansion) that ot T g s (a) G C = V(D~ r ). 

Now, applying the time evolution on C(0,£l), and remembering that DO, = fi, 
17(9)0, = O, the fact that 17(9) and D commute, and the definition of the instanta- 
neous NESS, 

(fi 9 (0),ZrV^)(a)Q> = (U^(s,0,9)P' g (0,9)n,a(9)n) . (8.38) 

Using the results of Theorem 8.2, it follows that 

(U^(s,0,9)P>(0,9)n,a(9)n} 
= (U^(s, 0, 9)P' g (0, 9)Q, a(9)Q) + O^ 1 ) 
= (P;(s, 0)UP (s, 0, 9)Q, a(9)Q) + O^ 1 ) 
= (P' g (s,9)U^(s,0,9)n,a(9)n) + O(r- 1 ) . 

The fact that (U^ t) (s, 0, 9))*Q = Q implies that 

DP' g (s,9)U^(s,0,9) = \n g ( s ,9))(n\u^(s,o,o) 

= \n g (s,9))((u^(s,o,9)yn\ 
= \n g (s,9))(n\ = DP' g ( s ,9). 

It follows that 

(^(O),^- 1 ^^)^) = (^(s), J D- 1 afi) + 0(r- 1 ) , 
for large r. □ 

Remark. 

A weaker adiabatic theorem for states close to NESS using scattering theory can be 
proven using the approach developed in [Ru2,3] and extending the adiabatic theorem 
in [NT]. However, this theorem relies on the rather strong assumption of asymptotic 
abelianness. For further details about adiabatic theorems in NEQSM, see [A-S]. 

8.3 Application 2: a concrete example of the isother- 
mal theorem 

As a second application of Theorem 8.2, we consider in this section a concrete example 
of an isothermal process for model C n (see section 4.4), and calculate an explicit rate 



136 



of convergence (0(r -1 )) between the instantaneous equilibrium state and real state 
of the system in the quasi-static limit r — > oo; (see chapter 7 for our notation and 
the relevant definitions). 

Theorem 8.4 (Isothermal Theorem revisited) Suppose (C n .2), (C n .5), as specified in 
section 4.4, and (H8.6). Then there exists a constant gi > such that, for a G T>(D~ l ) 
and I p I < #1, the following estimate holds 

\p TS (a)-^ s (a)\ = 0(r- 1 ) , (8.39) 

as r — > 00, where p rs is the real state of the system at time t = ts, and is the 
instantaneous equilibrium state defined in chapter 7. 

Proof. Choose 9 6 I~{Jz). It follows from assumption (C„.5) and Lemmas 6.11 and 
6.12 in section 6.3 that the deformed Liouvillean C g (s, 9) with common dense domain 
V = V(£ )r\V(D~ 1 ) C C((D, Q) generates the propagator U g T \s, s', 9) which satisfied 
the initial value problem 

d s U^(s,s',e) = -ir£ 9 (s,e)U^(s,s',e) ;U^(s,s,e) = 1, (8.40) 

which implies (H8.1) and (H8.2). Moreover (H8.3) follows from the second resolvent 
identity 

(C g (s, 9) - z)- 1 = (£ o (0) - z)-\l + gV tot (s, 9)(C (9) - z)' 1 )- 1 , (8.41) 

and assumption (C n .5). The results of Theorem 6.7 follow from (C„.2) and (C n .5), 
and hence we know that zero is an isolated simple eigenvalue of C g (s,9) such that 
dist(0, cr(£g(s, 9))\{0}) > 5', where 5' > is a constant independent of s e [0,1]. 
This implies assumption (H8.4). Using the resolvent equation (|8.41|) and assumption 
(C„.5), P g (s,9) := ^i§ 1Q dz{z — Cgi^s^))" 1 is twice different iable as a bounded op- 
erator for all s G [0,1], which implies (H8.5). Since (H8.1)-(H8.5) are satisfied, the 
result of Theorem 8.2 holds. 

PJs, 9)Ui T \s, 0, 9) = U^(s, 0, 9)P g (0, 9) ; (8.42) 



sup \\U^(s,0,9)-U^(s,0,0)\\ =0(r- x ) , (8.43) 

s6[0,l] 

as t — > 00, where Ua (s, s' , 9) is the propagator which satisfies 

d s U { j\s } s\9) = -iT£ a (s,9)Ui T \s,s',9) W < s ;Ui T \s, s,9) = 1 , (8.44) 

and 

C a {s, 9) = C g (s, 9) + l -[P g {s, 9), P g {s, 9)] . (8.45) 
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Assumption (H8.6) implies that, for a e C, Oi g s (a) £ C- 

Using the fact that U(±9)\Q) = \Q) and the results of Theorem 8.2, it follows 
that 

u(6)u^(s, o)|n> = u^( s , o, fi)p fl (o, *)|n> 

= ^)(s,O,0)P fl (O,0)|fi> + O(O 
= P g (s,6)U a (s,0,6)\n} + O(T- 1 ) 

= P g (s,9)U g (s,0,9)\n) + 0(T- r ) . 

We know that P g (s, 0)U g (s, 0, = c\Q(s, 6)), where Q(s, 6) is the vector corrspond- 
ing to the instantaneous equilibrium state and c e C. Since 

(P 5 (s, ^)f/f( s , o, e)n, P a (a, ^ T) (*, o, W = (tf< T >(a, o)n, U^\s, o)n> + 0(0 

= l + 0(r- 1 ), 

and 

(fi(s,0),fi(s,0)> = l, 
it follows that c is a phase up to an error of order 0(t~ v ). Therefore, 

p TS (a) = (SI, 17^(0, s)aU (T) (s, 0)Q) = (Q(s), aQ(s)) + 0(t' 1 ) . (8.46) 

Note that unlike in the proof of Theorem 8.3, zero is an eigenvalue of the unde- 
formed Liouvillean C g (s), which is selfadjoint, and hence P g (s) is well-defined as a 
spectral projection by the spectral theorem. □ 
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Chapter 9 



Cyclic thermodynamic processes 
and Floquet theory 

In this chapter, we study cyclic thermodynamic processes of a small quantum system 
coupled to n fermionic reservoirs by extending Floquet theory for quantum mechani- 
cal systems that are driven by periodic forcing. We introduce a new operator, which 
we call the Floquet Liouvillean, and we show that under certain assumptions, the 
time-periodic state to which the coupled system converges is related to the zero- 
energy resonance of the adjoint of the Floquet Liouvillean. We study the spectrum of 
the Floquet operator using complex deformation techniques, as developed in chapter 
6; (see also [JP1,2,3]). Although technically more complicated, since the perturba- 
tion will be unbounded , the analysis is in principle applicable to the case when 
the reservoirs are bosonic. On the mathematical side, it is interesting to extend the 
strong spectral methods developed in [BFS] based on operator theoretic renormaliza- 
tion group or the positive commutator method developed in [Ml, M2, FMl](see also 
chapter 5) to study the spectrum of the Floquet operator. 

One result that follows from our analysis is that one can compute entropy produc- 
tion per cycle and the degree of efficiency rj to arbitrary orders in the weak coupling 
(see remark after Theorem 9.3). 

We again consider the same paradigm: Model C n of a two level system coupled 
to n-fermionic reservoirs that are not necessarily at the same temperature. Together 
with assumptions (C n .2) and (C„.3), chapter 4, section 4, we assume (C n .6), which 
pertains to the periodicity of the perturbation, V(t + r*) = V(t), r* < oo. 

Assume further that the initial state of the system is 

n = fi s <g> n ni <g> • • • <g> n nn , 

where — 1, • • • , n are the KMS-states of the uncoupled reservoirs, and, without 

loss of generality, s is the vector in Hp <g> Hp corresponding to the trace state on E. 
The C-Liouvillean of the coupled system L g (t), which has been introduced in chapter 
6, generates the dynamics on the Banach space C(0, It is obviously time-periodic 
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with period r* if assumption (C n .6) holds. By construction, 

L g (t)Q = . 

Now denote by U g (t,t') the propagator generated by L*(t) (note the change in nota- 
tion), which satisfies the initial value problem 

d t U g (t,t') = -iL* g (t)U g (t,t') ;U g (t,t) = 1 . 

The existence of U g follows from assumption (C n .3), section 4.4, and the Yosida-Hille- 
Phillips Theorem, as discussed in chapter 6, section 4. 



9.1 The Floquet Liouvillean 

Introduce the Floquet Liouvillean 

K* g :=-id t + L g (tf , (9.1) 

acting on H = L 2 ([0, r*]) ®7Y, where the GNS Hilbert space TL for Model C n has been 
defined in section 4.4, with periodic boundary conditions in t. Note that under the 
previous assumptions, K* is a closable operator (since the perturbation is bounded), 
and we denote its closure by the same symbol^ 

Let u := ^r. By Fourier transformation, TC is isomorphic to Unez( em ^*) ®7~L = 

U./i>"' n. 

According to Floquet theory of quantum mechanical systems driven by periodic 
perturbation [Ho,Yal,Ya2], the semi-group generated by K* is given by 



-iaK 



{ e —sf)(t) = U g (t,t-cj)(f)(t-<j), (9.2) 

where / e H, and a G R. Relation ()9.2|) can be seen by differentiating both sides with 
respect to cr and setting a = (see [Ho]). (Alternatively, use the Trotter product 
formula. [RSI]) Note that if 

K* g <!>(t) = A0(t) , (9.3) 
for (p{t) G H and A G C, then (f)(t) satisfies 

^(t,O)0(O) = e- lA V(t). (9.4) 

Conversely, if 

U g {n, 0)0(0) = e- lAr *0o, (9.5) 

then 

0(t) = e iA '^(t,O)0 o (9.6) 

is an eigenfunction of K* with eigenvalue A. 

Before proving the convergence to a time-periodic state of the coupled system, we 
first study the spectrum of the adjoint of the Floquet Liouvillean. 
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9.2 Spectrum of K* 

We study the spectrum of K* using complex deformation techniques developed in 
chapter 6. This is why we only sketch the main steps of the proofs. 

Let k = min(^, ■ ■ ■ ,jj-,6), where 5 appears in assumption (C n .3). For 9 e I~(k), 

let 

K* g (9):=U(9)K* g U(-9) (9.7) 
= -idt + L* g (9,t), (9.8) 
where L*(9,t) is given in section 6.3 by 

L* g (t, 9) := U(9)L* g (t)U(-9) =C + N9 + gV tot (t, 9) , (9.9) 
Co = £ S + E. ^ = dT{ Ui ),i = 1, • • • , n, and 

i 

- 2l s <g> a+ <g> (-l) JVi (6(e- A ^-">/ 2 /fft " ® ® (- 1 ) Ar< ^(e /3i(ui "" )/2 /*ft • 
For n G Z, let 

P g ,M(e):=<f - K* g {9))-\ (9.10) 

such that 7 n is a contour that encloses only the eigenvalues Ej n \g) = nuj + Ej(g),j = 
0, • • • , 3, n e Z, where Ej(g),j = 0, • • • ,3 are the eigenvalues of £*(#) (see section 

6.3). Moreover, let T 9j ( n ) := P o ,(ra)-fs,(n)(0)-fb,(ra)j then we will show that the isomor- 
phism 

S g , (n) (9) := f;^P H n)P 9A n){e) ■■ Ran(P g , (n) (9)) -> h<»> ® H s ® H s (9.11) 
has an inverse 

%(»)(*) := ^,w(^o,( n) T^(t) : h<"> ® H S ® H S - Pan(P fli(n) (0)). (9.12) 

Let _ 

M g , [n) (t) := Po.wPp.wW^W^.wW^n) , (9-13) 
and define the quasi-Floquet Liouvillean by 

S a , (n) := ^(^(^^(^(^^(^^(^(^^(^ = T-^ Xn) f^ n) , (9.14) 

which is nothing but the mapping of the reduced Floquet Liouvillean K g ^ from 
Ran(P g(n) ) to h(") ® ft s ® ft s . 

Proposition 9.1 

Suppose (C n .2),(C n .3) and (C n .6) (see section 4.4). Then there is a constant 
g 1 > such that the following holds. 
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(i) Assume that (g,9) G C x r(8), then V(K* g {6)) = V, (K*(9))* = Kg{9) and 
the spectrum of K g (9) satisfies 

a{K* g {9)) d{zeC:Imz< C(g, 9)} , (9.15) 

where 

C(g,6) := sup{2 J^/ 1 \Im6\ 1/2 + \Img\\Im6\- 1/2 }x 
teR 6 - Img 

x £{||Aa(*)IIiiW> + l|e- ftK ^ )/2 Aft (t)\\ H > m }. 
% 

Furthermore, if Imz > C(g,8), then 

and the map (g, 9) —> K*(9) from C x I~(5) to the set of closed operators on 
7i is an analytic family (of type A) in each variable separately. 

(ii) If \g\ < gi\Im8\, then the spectrum of the operator K*(9) in the half-plane 
E(Im9 + j^) is purely discrete and independent of 9. If \g\ < ^g 1 \Im9\, then 
the spectral projections P g ^(9),n e Z associated to the spectrum of K*{9) in 
the half-plane "E(Im9 + ^):={z£C: Imz > Im9 + j^} are analytic in g and 
satisfy the estimate 



3 


>\g\ 




9i\ 


Im9\ 



P 9 ,(n)(e) ~ P ,(n)\\ < ■ (9-17) 



^ iii) If \g\ < 91 , then the quasi-Floquet Liouvillean E Sl ( n ) defined in ()9.14|) de- 
pends analytically on g, and has a Taylor expansion 

oo 



where 



Kf n) := nu + C^ ,n E Z. (9.19) 



The first non-trivial coefficient in ()9.18|) is 



where £ (n) (z) = P 0i(n) V to '(fl)(^ - i^))- 1 ^ ^)^. 
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(iv) For jeR and Imz large enough, 

s - ^ K W) - = ( K l(R^) - ■ (9.20) 

Proof. To evade redundancy, we refer to chapter 6 for details of the proof, since 
they are very similar to the ones detailed there (with K* instead of C g ). The proof 
of (i) is similar to that of Lemma 6.3, and the proof of claim (ii) is similar to that of 
Proposition 6.4, and (hi) to Proposition 6.5. Since T g < n \ is analytic and ||T 9) ( n ) — 1 1| < 1 

~— 1 /2 

for |<7| < ^,T g ^ is also analytic in g. Inserting the Neumann series for the resolvent 

oo 
J'=l 

with 

t$ = j ^ - Kf n) )-% {n) v tot (e)((z - K (e)r^\e)y-% {n) (z - Kf n) )-' . 

(9.22) 

Similarly, 

oo 

M 9 ,(n) = Kf n) + J29 j M$, (9.23) 

with 

m$> = j - Kf^PoV^mz - K,{e))- l v to \e)y-^ (n) { z - kf n ^ . 

(9.24) 

The odd terms in the above two expansions are zero due to the fact that Po,(n) 
projects onto the N = sector. The first non-trivial coefficient in the Taylor series 
of S 9) ( n ) is 

= \j ^(«* - K^r 1 +(*- K^)-% n) (z)) . (9.26) 
The proof of (iv) is similar to Lemma 6.6, section 6.1. □ 

Let P- n ^ be the spectral projections onto = nco + Ej,Ej G <r(£ s ),j = 

0, -,3,neZ. 
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Proposition 9.2 (Spectrum of K*{9)) 

Assume (C n .2),(C n .3) and (C n .6) (see section 4.4), and choose 9 G I~(k). Then 
there exists a constant g% > independent of t and 6 1 , such that, for |g| < gi, the 
essential spectrum of K*(9), a ess {K*{9)) G C\E(Im9), and the discrete spectrum 
adisc(K*(9)) G E(Im9) fl {z G C : /mz < 0}, with at least countably infinite eigen- 
values on the real line, {urn : n G Z}. 

Proof. When the coupling g = 0, a pp (Co) = {—2,0,2}, with double degeneracy 
at 0, and o" c (£ ) — R» By Fourier transformation, L 2 ([0, r*]) <g> 7i is isomorphic to 
l^L-oo^™"*) ® ^> where <*> = 77- Tt follows that 

o-rp(^o) = {Ef = Ej + nu : E 5 G <x(£ s ), j = 0, • • • , 3; n G Z} . (9.27) 
From Proposition 9.1, (i), the map 

(r(*),c)9(0,0)->JiS(0) 

with values in the set of closed operators on L 2 ([0, r*]) <g> 7i is an analytic family in 
each variable separately. Let 

C(/3i,k):= sup 1 =,z = l,---,n, (9.28) 

|/m«|<fc V|l + e-^( z - y )| 

which is finite, and let 

5 := sup sup \\V tot (9,t)\\ , (9.29) 
t eei-(k) 

which is also finite due to assumption (C n .4) and the estimate 



c< V2j2cWi,k){\\fiA\\Hm- 



i=i 



+ || e -AK-,)/2 / . A || H2(fe)}<00 . 

The remaining part of the proof is similar to the proof of Theorem 6.7, section 6.1. 
The essential spectrum of Kq(9) are lines {z G C : Imz = inlm9,n G N + }, while 
a disc (K (9)) = a(K s ). 

Choose g\ > such that g\C < (k — yu)/4, where \i = \ImQ\ and C is defined 
in (|9.29p . Then, for \g\ < g 1 and — k < Im9 < — (k + ju)/2, the essential spectrum 
cx ess (i ; C 9 (6')) is contained in the half-plane {z G C : Imz < — //}. The location of 
the discrete spectrum of K g {9) inside the half-plane H(— fj,) can be computed using 
regular perturbation theory (see Proposition 9.1). 

We know that 

= \j ^{P H n)V to \9){z - K (9))- 1 V tot (9)P , (n) (z - Kf n) 



(n)y 

(n)> 



+ (Z - Kf n) )P ,(n)V^)(z - Ko(^))~ V to *(^)P ,(n)} • 
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Let 

r n ( 2 ) r>( n )\ 

where Pj n \j = 0, • • • , 3, n G Z are the spectral projections onto = nu + Ej, the 
eigenvalues of K^. 

Applying the C 
of Proposition 6.9, section 6.3) gives 



rf 2) := P\ n) Y,f^P\ n) , (9.30) 



Applying the Cauchy integration formula to the expression of r™^ (as in the proof 



E^(g)=nco±(2+g 2 VV [ du f* <ft-L- £ ||/^, t)\\l)-mg 2 £ f* dt||/,(2, t) || 2 +0(^ 4 ) , 



n (9 ' 31) 

where stands for the Cauchy prinicipal value, and jigZ. Note that ImE^l(g) < 
0,n G Z. Furthermore, 

^(^r^ + gVi + Ois 4 ), (9.32) 
where a ,i(t) are the eigenvalues of the 2x2 matrix 

~ m J d *2co8hA(2-i/)/2 ^-e-A^ e -A<a-0/2 ) ■ l 9 -^ 

By construction, K g e inujt Q = nue inujt n and f/(#)e in ^fi = e^'fi, so nu,n G Z are 
also isolated eigenvalues of K*{6). In this case, this can be seen by defining the 
spectral projection to the real isolated eigenvalues of K g {6) using the resolvent, and 
taking the adjoint to define the corresponding spectral projections for the real isolated 
eigenvalues of K*(9). 

In fact, ip = is the eigenvector corresponding to zero eigenvalue of £g( n )- 

Hence, 

E^ n) = nuj , (9.34) 

E[ n) =nu-ing 2 J2 H dt\m,t)\\l + 0(g 4 ) . (9.35) 
i=i Jo 

Note that ImE^ < 0,j — 1,2,3 and n G Z. Moreover, we know from Proposition 
9.1, (iv), that s — lim Im ^ {z — K*{9))~' 1 = (z — K*(Re6))~ l for Imz big enough, and 
hence the claim of this theorem. □ 



9.3 Convergence to time-periodic states 

The following theorem claims that under suitable sufficient assumptions, the real 
state of the system converges to a time-periodic state with the same period of the 
perturbation r*. 
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Let h test = D{e k ^+~ l ), and O test = .F_(h tes *), which is dense in JF_(L 2 (R; B)), 
and define 

C := O s ® O ni ' test ® • • • ® C^"' tes * , (9.36) 

which is dense in (9. 

We make the following additional assumption. 

(H9.1) The perturbation of the Hamiltonian V(t) G C for t G R. 

Theorem 9.3 (Convergence to time-periodic states) 

Assume (C n .2),(C n .3), (C n .6) and (H9.1), and let D be a positive operator on TL 
such that RanD is dense in 7i and -Dfi = Q. Assume further that a G C. Then there 
is a constant #i > 0, such that, for \g\ < gi, the following holds 

lim (O, a" r * +t (a)fi) = (fL(0), £TV (a)fl) , (9.37) 

where fl g corresponds to the zero-energy resonance of the adjoint of the Floquet 
Liouvillean, K*. 

Proof. Choose k as in Proposition 9.2, and let 

D := I s ® e-^^ 1 ® • • • ® e^v 71 ^ , ( 9 . 3 8) 

where = dT(id Ui ),i — 1,*-- , n is the second quantization of the generator of 
energy translations for the i th reservoir. The operator D is positive such that RanD 
is dense in 7i and DQ = Q. It follows from assumption (H9.1) and the fact that a G C 
that otgia) G 2}(-D _1 ) (as discussed in the proof of Theorem 8.3, section 8.2). 

The remainder of the proof relies on the result of Proposition 9.2 and equation 
()9.2|) . It follows from ()9.2|) and the time periodicity of / ETC that 

{er iK >^\ ® Q)(o) = f7 fl (n<r*,0)(l <g> fi)(0) = C/ g (w*,0)fi . (9.39) 

Let 1 ® Q =: H G ft, and Z> := 1 ® L>. 

Without loss of generality, we assume ^ 7^ 2; however, if ^ = 2, the state of 
the system typically oscillates between two resonance states until it finally converges 
to a time-periodic state; see remark 1. Using the dynamics on C(0, ft), (|9.39p . and 
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knowledge of a(K*(9)), it follows that 

lim (Q, a" T * +t (a)Q) (9.40) 

n— >oo y 

= lim (U g (nn,0)Q,al(a)n) (9.41) 

n^oo 

= lim((e-^ nT *n)(0),Q;*(s)Q) (9.42) 
= lim((Df/(-^)e-^W nr *f/(^)Dn)(0),^ 1 a*(a)fi) (9.43) 

/oo 
+ ^77 — K*(^))- 1 e - i(u+l,?)nr * 
■oo 

n)(0),D _1 a5(a)fi) (9.44) 
= lim {(DU{-6) I dz{z - K*J9))- 1 e~ iznT 'n)(0),D' 1 a t Ja)n) + 

/oo 
du(u + - e) - K*(^))^ 1 e^ l(M+i( ^ e))nr *n)(0), 
-oo 

D _1 aJ(a)n), (9.45) 

where ?7 > and < e < /i. 

Using the results of Propositions 9.1 and 9.2, the first term in the last equation 
converges to the time-periodic expression, 

lim ((DU(-6) I dz(z - K*(^))- 1 e - l2rir *n)(0), LrV(a)ft) 
^((5P 9 , w p)(0),a;(a)Q). 



kez 

Let 



ft fli(fc ) -^(^(^(e^^fi) , (9.46) 

then 

DP gXk) D = {(e^ ® ft), •}fi fli(fe) , (9.47) 
where {•, •} denotes the scalar product on H. Therefore, 

DP g>w (9)U = {e tkuJt ® n, 1 <g> fi}f2 fll(fc ) (9.48) 
= n fll( o) , (9-49) 

and hence 

^(^(^(O),!?-^)^ = ((fi fli(O ))(0), J D- 1 Q ; *(a)Q) , (9.50) 
kez 
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where fi g ,(o) is the zero-energy resonance of the Floquet Liouvillean. The second term 
()9.45j) converges exponentially fast to zero since 

/oo 
du(u+t(fi-e)-K* g (6))- 1 e- l{u+i ^- e))nT *Vl)(0), D~ x a\ (a)«) = 0( e - ( ^ e ' )nr *), 
-oo 

(9.51) 

where < e' < e < \i. □ 
Remarks. 

(1) When ^ = 2, the system exhibits the phenomena of resonance: The state of the 
system oscillates between two resonances until it finally converges to the time 
periodic state corresponding to fi 9 .[A-SF2] (This can be verified by a second 
order time-dependent perturbation theory calculation; (see also [Ya2]). 

(2) Note that 

((n gM )(0),D- l al(a)tl) = ({n B ,w)(0),D-W g (a)e™n) , 

where fi g> (k) is the state corresponding to the A;o;-energy resonance of the adjoint 
of the Floquet Liouvillean. 

(3) For small enough coupling g, it follows from Proposition 9.1, (ii) that P g (9) is 
analytic in g. This is of especially practical importance, since in principle one 
can expand Q g in a Taylor series to arbitrary order in g, and compute the 
entropy production per cycle. In particular, when there are only two reservoirs, 
one may explicitly compute the degree of efficiency rj and compare it to r] rev 
(see chapter 2). Further details will appear in [A-SF2]. 
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